
平成 23年度 機械系の数学演習Ⅰ 第 6回 

問題 

 

※ うｐ主が手計算で解いたものです。どうせ間違いだらけだろうと思いますが、おかしな

ところがあれば、各自で修正してくださいな(´・ω・｀) 

明らかな間違いを発見された方は、wikiのコメント欄に書き込んでくだされば、皆さん

のためになると思いますので、是非そうしてください。 

 

1, つぎの関数を積分せよ ： 

xx 3sincos  

 

<3倍角の公式を用いる方法> 

)2sin(3sin xxx   

   xxxx 2c o ss i nc o s2s i n   

    xxxxxx 22 s i nc o ss i nc o s)c o ss i n2(   

   xxxxx 322 s i nc o ss i nc o ss i n2   

   xxx 32 s i nc o ss i n3   

     xxx 32 s i ns i n1s i n3   

   xxx 33 s i ns i n3s i n3   

   xx 3s i n4s i n3   

   xdxxxxdxx cossin4sin33sincos 3
 

xt sin とおく。 x
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cos   xdxdt cos  

   dtttxdxx 3433sincos  

       Ctt  42

2
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       Cxx  42 sinsin
2
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<式変形> 

)2sin(cos3sincos xxxxx   

       xxxxx 2cossincos2sincos   



      xxxxx cos2cossincos2sin 2   

      xxxx 2cos2sin
2

1
cossin2 3   

      xxx 4sin
4

1
cossin2 3   

        xxx 4sin4
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1
sincos4

4

1
2 3   

 








 dxxxxxdxx 4sin4
16

1
sincos4

2

1
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             dxxdxxx 4sin4
16

1
sincos4

2

1 3
 

       Cxx  4cos
16

1
cos

2
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補足 

           Cxx  2sin21
16

1
sin1

2
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           Cxxxx  2242 cossin81
16

1
sinsin21

2

1
 

            Cxxxx  2242 sinsin181
16

1
sinsin21

2

1
 

           Cxxxx  4242 sin8sin81
16

1
sinsin21

2

1
 

           Cxxxx  4242 sin8sin81
16

1
sinsin21

2

1
 

            Cxxxx  4242 sin8sin81sin8sin168
16
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         Cxx  42 sin16sin249
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1
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9
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2

3 42  Cxx  

       Cxx  42 sinsin
2
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2, つぎの関数を積分せよ ： 

x4cos  



 

<式変形> 

xxx 224 cos)sin1(cos   

   xxx 222 c o ss i nc o s   

     xx 2s i n
4

1
2c o s1

2

1 2  

      xx 4c o s1
8

1
2c o s1

2

1
  

   








 dxxxxdx 4cos1
8

1
2cos1

2

1
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          dxxdxx 4cos1
8

1
2cos1
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     Cxxxx 




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

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     Cxxx  4sin
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1
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<漸化式> 

 xdxI n

n cos とおく。 

 xdxI n

n cos  


 xdxx n 1coscos  


 xdxx n 1cos)'(sin  


  dxxxxx nn )'(cossincossin 11

 

   dxxxnxxx nn )sin)()(cos1(sincossin 21
 


  xdxxnxx nn 221 cossin)1(cossin  


  xdxxnxx nn 221 cos)cos1()1(cossin  



   dxxxnxx nnn )cos(cos)1(cossin 21
 

   xdxnxdxnxx nnn cos)1(cos)1(cossin 21
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1  


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1
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




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
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1
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 CxxxxxI 
8

3
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
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
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
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



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  CxxxI 
8

3
2cos4
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1
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  CxxxI 
8

3
2cos42sin
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1
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CxxxxI 
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3
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1
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3
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1
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4

1
4  

 

 

3, つぎの関数を積分せよ ： 

3

1

5

1

22 


 xx
 



 

Aa, は定数とする。以下の 2つの公式を証明する。 

)1(
 

C
a

x
dx

xa



 arcsin

1

22
 

)0( a
 

)2(
 

CAxxdx
Ax





2

2
log

1
 

< )1( の証明>
 

sinax   









22





 とおく。 




cosa
d

dx
     dadx cos

 

 









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aa
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xa
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sin
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 


 



d

a

a
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        



d

a
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        



d

cos

cos
 

        



d

cos

cos
       22





  より 0cos   

        d  

       C  

sinax   より 
a

x
sin  であるから、逆関数をとると 

a

x
arcsin  

したがって、 

C
a

x
dx

xa



 arcsin

1
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< )2( の証明>
 

Axxt  2
 とおく。この両辺を xで微分すると、 
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d
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d
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
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
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2
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11
 

)1( )2( より、 

 




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
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


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            Cxx
x

 3log
5

arcsin 2

 

 

 

4, つぎの関数を積分せよ ： 

x5cos  

 

<置換積分> 

   xdxxxdx coscoscos
225

 



        xdxx cossin1
22

 

xt sin  とおく。 

x
dx

dt
cos     x d xdt cos

 

   dttxdx
225 1cos  

        dttt 4221  

     Cttt  53

5

1

3

2
 

     Cxxx  53 sin
5

1
sin

3

2
sin  

 

<漸化式> 

 xdxI n

n cos とおくと、 2

1 1
cossin

1


 
 n

n

n I
n

n
xx

n
I となる(証明は問題２参照)。 
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1
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 
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n

n
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n
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5
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1
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







 1
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5
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5

4
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1
IxxxxI

 

CxxxxxI 







 sin

3

2
cossin

3

1

5

4
cossin

5
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CxxxxxI  sin
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8
cossin
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4
cossin

5

1 24
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  CxxxxI  sin
15

8
4cos3cossin
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     CxxxxI  sin
15

8
4sin13sin1sin
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1 22

5  

   CxxxxI  sin
15

8
sin37sin1sin

15

1 22

5  

  CxxxxI  sin
15

8
sin3sin107sin
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5  



CxxxxI  sin
15

8
sin
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3
sin
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sin
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CxxxI  53

5 sin
5

1
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3

2
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5, つぎの関数を積分せよ ： 

x

x

cos

sin 3

 

 

<置換積分(i)> 

 
  


 dxx

x

x
dx

x

x
sin

cos

cos1

cos

sin 23

 

xt cos  とおく。 

x
dx

dt
sin     x d xdt sin

 




 dt
t

t
dx

x

x 23 1

cos

sin
 

     


 dt
t

t 12

 

      







 dt

t
t

1
 

     Ctt  log
2

1 2
 

     Cxx  coslogcos
2

1 2
 

<置換積分(ii)> 

 
  


 dxx

x

x
dx

x
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dx

x

x
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sin1
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sin
2

3

2
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xt sin  とおく。 

x
dx

dt
cos

    x d xdt cos
 

 
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t

t
dx

x

x
2
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      














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t

t

t
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3
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










 dt

t

t
t
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2
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      











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t

t
t
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2
2
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     Ctt  22 1log
2
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2
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2

1
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       Cxx  22 coslog
2

1
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2
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2
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     Cxx  coslogcos
2
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<式変形> 

 



 dx

x
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dx

x

x
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sincos1
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sin 23

 

     


 dx
x
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cossinsin 2

 

      







 dxxx

x

x
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     











 dxx
x

x
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2
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     Cxx  2cos
4

1
coslog  

       Cxx  1cos2
4

1
coslog 2

 

     'coslogcos
2

1 2 Cxx   

 

 

6, つぎの関数を積分せよ ： 



x3tan  

 

<置換積分その(1)> 

xt tan  とおく。 

22

2
1tan1

cos

1
tx

xdx

dt
     21 t

dt
dx




 

 

 
 dt

t

t
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2

3
3

1
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 
 


 dt

t

ttt
2

2

1
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 










 dt

t

t
t
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 










 dt

t

t
t

21

2

2

1
 

     

Ctt  22 1log
2

1

2

1
 

     

Cxx  22 tan1log
2

1
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2
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C
x
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2

2
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1
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2

1
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2

1
 

     

Cxx 
22 coslog

2

1
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2
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Cxx  coslogtan
2
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<置換積分その(2)> 

  dx
x

x
xdx

3

3
3

cos

sin
tan

 

     

  


 dxx
x

x
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3
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xt cos  とおく。 

x
dx

dt
sin

    x d xdx sin
 




 dt
t

t
xdx

3

2
3 1
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 








 dt
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t
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1
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C
x
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1
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'coslogtan
2

1 2 Cxx   

 

 

7, つぎの関数を積分せよ ： 

xx 3cossin  

xt sin  とおく。 

xt sin2      











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x
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t
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






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




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7
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3

1
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7

2

3
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7

2
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2 2

 

 

 

8, つぎの関数を積分せよ ： 

 3log x  

 



<漸化式> 

  dxxI
n

n log とおく。 

  dxxI
n

n log  

  dxxx
n

log'  

   







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d
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loglog  

   

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x
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loglog
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   


 dxxnxx
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loglog  

  1log  n

n
nIxx  

  CxdxdxxI   1log
0
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  CxxxCxxxIxxI  log)(log1log 0

1
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      CxxxxxCxxxxxIxxI 22log2log)log(2log2log
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1

2

2 

 

  2

3

3 3log IxxI 
 

  
    Cxxxxxxx 22log2log3log
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

 

  
    Cxxxxxxx  6log6log3log
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9, つぎの関数を積分せよ ： 

)sincos( xxxex   

 

  dxxxxeI x )sincos(  とおく。 



  dxxxxeI x )sincos(  
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ここで、以下の公式を用いる。 ba, は 022 ba をみたす定数とするとき、 
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<証明> 
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これより、 1,1  ba を代入すると、 
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したがって、 
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10, つぎの関数を積分せよ ： 
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