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1.1 wyx{z (Bitwise Chopping method)|�}Q~ �'���H��� ~��#�T�A����� Y ���	����������� .�]�^�0pY4� x � � ap�T�;� �� � ~����T�����T���?������� � �
f(x) = 0 (1.1)� �

f(x)
~� �¡

a ≤ x ≤ b ¢;£�¤ � a < b �¥ f(a)f(b) < 0 ¢�¦ �H�:��§p�6¨�©�ª�� ¥~
f(x) = 0 �s«H¬ � �p;®�¯ � ��° © �±:²H¢�³ � � a

©
b
© Y1´4X c = (a + b)/2 Y4µ¶ �4¥ ��·¸�·Hª?� f(c)f(a) < 0 ¢�¦ �H�� �¡ (a, c) Y�¹�� � f(c)f(b) < 0 ¢�¦ �H�� ¡

(c, b) Y�¹�� §6�h¨1©:ª�� ¥ ~ �Q�®�¯ � �1° ©#~ ´ ¡ aQYº�»p��� ª�¼ �(��¢�¦ � � ���� ~ ° Y �½� �J�hY;®�¯ � �  �¡ � 1/2
} ¥p�#¾1¿ÁÀ � ��S� x �JÂ�Ã ε Y4Ä6Å�¢��� � ]���¢�¦ � �

Fig.1.1 ÆÈÇJÉ
�Ê��� ~� � � f(x) ;£�¤p¢½Ë;Ì�¦ �p����(Í�� � � ¢ ª7Î1Ï�� �#Ð�Ñ � ]���¢�¦ �
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 ��Õ Y Î�ÏH~?Ö Y�i1×�"�Ø��?Ù�Ú�Û ���
1.1.1 ÜÝßÞáàáâ�ãåäçæ�èêé

1. ëQì �4í�î a a
©

b �sï � � � °�° ¢ a < b ¢1¦Að f(a)f(b) < 0
��| ¬ f(x)

~� ¡
a ≤ x ≤ b ¢4£�¤H¢�¦ � ©S� � �

2. ´4X c = (a+b)/2 �J� � � � f(c) ≤ 0
� � a � c

©'ñ��:ò Ì � (a = c)
�

f(c) > 0� � b � c
©Sñ���ò Ì � (b = c)

�
3. ó�a½�(ô�õ � � �
4. ö�÷�ø �  100 ø1�?ùúÀ7¬�µ ¶ ~�� “not convergent”

© ô�õÁÀ ·û�ü;� � �
5. |b − a| �#� �Jý ºþÀ7¬:ÿ������ ε (10−5)

� ð ª ¿�Ë ¨J��� ¬�����»h� û1ü;� � �
6. 4

©
5 �	�Qì6À ���
 ð ~�� 2

©
3 � ¨ ð�úÀSö�÷ � � �

Fig.1.2 ÆÈÇ?É����������������
°�° �	���T¬����J"! #"4"%$%$'&Q� ª)(#*�� ���J"� +"4" $ -,pÌ6� � � �!.0/�� � 3
�'1�>�Ø ~ bJcQY;ÿ��6�(«H¬�À ·���H�02���ê�T� À	¬�� �#� �����A� ��'3T~:��4'5 Y
���J"� +"4"%$Ê�76!,p�hÀ · 3+�'1�>:Ø�� .0/�� ��° ©'�
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1.1.2 ÜÝßÞáà98;:
� �

f(x) = x− sin(πx), a = 0.5, b = 1.0, ε = 10−5
© À ·�� �����p�7< ��· f(x) = 0 Y�h�?� ���	��=�>@?�© �?ó ��� �0A Ñ À � ap Î�Ï À ·�� � (�B �DCFE0� � � ÿ����

�6� ε = 10−5
© À |b − a| < ε

©(�!� ¬��Sö�÷p� û�ü;� ��° ©'�p| ¬ � 100 ø�ö�÷úÀ·Hª7Î�Ï À � � � ¬�µ ¶ ~ “not convergent”
© ô�õßÀ ·:û�ü;� � �Q� � � ��° ©'�

� �
n a b f(a) f(b)

1 0.500000 0.750000 -0.500000 0.042893

2 0.625000 0.750000 -0.298880 0.042893

3 0.687500 0.750000 -0.143970 0.042893

4 0.718750 0.750000 -0.054261 0.042893

5 0.734375 0.750000 -0.006576 0.042893

6 0.734375 0.742188 -0.006576 0.017940

7 0.734375 0.738281 -0.006576 0.005627

8 0.736328 0.738281 -0.000489 0.005627

9 0.736328 0.737305 -0.000489 0.002565

10 0.736328 0.736816 -0.000489 0.001037

11 0.736328 0.736572 -0.000489 0.000274

12 0.736450 0.736572 -0.000107 0.000274

13 0.736450 0.736511 -0.000107 0.000083

14 0.736481 0.736511 -0.000012 0.000083

15 0.736481 0.736496 -0.000012 0.000036

16 0.736481 0.736488 -0.000012 0.000012

Tab.1.1 ÆÈÇ?É��	GIH'�DJ7KML	N
O0P � � © ö�÷Tø � 16 ø � a = 0.736481, b = 0.736488 ^��h� Î1Ï À ·�� � ~�} ¢�¦� � O�P!Q�R ~:� ö�÷�S�TQ� �-�:·�U�V��FW��:·½¨ � ¬ � 6�,�^!�p��X � ��° ©'�
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1.2 Y Z\[ ]_^%z (Newton method)

 h!�" $ &�� ~1���� .T]T^p0 f(x) = 0 Y�6� © À ·�`ÁªH�Q¨7a � � ¬ Ð�Ñ � ]�AY � ¥6¢h¦ � �  ½!�" $7&:� ~ f(x) � Taylar b;c � �6° © ¢!d � � � � x = xn©7e ³ � f(x) ��bfcêÀ � � � $ 4 Y�g��'hFi � � ©#� f(x) = 0 Y�j�kp]T^p0 © À ·
f(xn) + f ′(xn)(x − xn) = 0 �	d � ���'�·�� f ′(xn) 6= 0

� � ��� j0k��A�#� � � � Y=�> 0p�7d � �
xn+1 = xn −

f(xn)

f ′(xn)
(1.2)

°�° ¢ f ′(xn)
~

f(xn) Y x l��T¢H¦ � �  H!�"å$ &?�T¢ ~ ó =�>m?T© ��l���a f ′(xn)�?� � �Mn ÿ�1¦ � ��Õ Y�¬ �7o � ��Y#»qp�� � ð � l1�a6�� | � ���� � � � ¨ � µ¶ ~  �!4"%$'&(� ~�r#s ³�¢�¦ � ��Õ ° ¢;ó =�>@?�© �7l1��a½� n ÿ © À ��'t�u &ê$È��h��ª)v�w Ë ��·�� � �

Fig.1.3 x�yI�@�{z'É
(1.2) 0HY =!> 06� � ð � f(x) = 0 Y4�h� Î1Ï�� � X'| {xn} ��} /�� � ]���� T!;"$S&J��¢�¦ � � Fig.1.3 Y �½� � � ë!~ �;í�î a x0 ����� ��� � © (x0, f(x0)) Y�� �Á©

x � © Y-��X x1 �� | � � ° Y =�> ö�÷6�M�áð� � ° © ¢ � xn

~ � x � Î�Ï À ·��½¨ °© � � � �
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1.2.1 ����� ���HÞ�àáâþãDäçæ�èêé
1. ë�~ �4í�î a x0 �7��� �
2. n Y#@1"�3-�6�M��� � n

~
1 ∼ 100

| ¢ 1
} ¥ �'��� � �

1.
� Y�j�k�a xn+1 �?ö�÷ � � � xn+1 = xn − f(xn)/f ′(xn)

2.
Õ Y0��Y4ó�aA�(ô�õ � � �

3. |xn+1 − xn| < ε ¢1¦ �H�:� ö�÷6� û�ü;� � � °�° ¢ ε
~ ÿ��0����¢�¦ � �

3. @�"13�ø �  100 ø��#ùúÀ ·�� ¬;µ ¶ ~:� “not convergent”
© ô�õ � � �

Fig.1.4 x�y����{z É����������-�I�����
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1.2.2 ����� ���HÞ�à98@:
� � �!4"%$'&(�p�	< ��·:� Y4]�^�0HY?�h�?� ���7�

f(x) = x5 + 6x4 − 3x3 + x2 − 5 = 0

¬ � À � ε = 10−5
©S� � ��=�>�?1© � �'� ¯QY�ø � Í © Õ Y © ³Y#� xn �(ô�õ �� �½� ��� � �H| ¬ � ö�÷Hø �  100 ø��4ùêÀ ¬:µ ¶ � ~� “not convergent”

© ôõêÀ û�ü;� � �h� � � ��° ©'�
� �

n xn f(xn)

1 3.896785 2114.690403

2 3.031590 683.467245

3 2.357802 219.534882

4 1.839774 69.520768

5 1.453447 21.163660

6 1.188562 5.721480

7 1.045306 1.077666

8 1.003273 0.072407

9 1.000018 0.000405

10 1.000000 0.000000

11 1.000000 0.000000

Tab.1.2 x-y��m�{z É��	G�H0��JMK7L	N
í�î a x0  x0 = 5.0 Y4µ ¶ � � ð�úÀ ø �  11 ø ©J� ð � � x

~
x11 = 1.00000

©� � � ����� © Y Î�Ï�� �������Q�?Ù�� � � ©)�f�s� � ª À �T��;�
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2.1 ��� �¢¡ (Trapezoid rule)� ��¦ � � � f(x) �  �¡ [a, b] ��£ ��·:� aQ�T��¤�� � �1° © ��,QÌ �A����¥ ��¤��~ ��¦T���(�_§ �:�6ª Y��¨ © Í½��©I©ª��·p��¨S��� aH���	¤1�6� P � ° © ½À � À � nÿ ©(�!�:·½¨ � W §�¢�¦ � �p|#}��-`�ªD«�¬�� -.�/�0p�4¥ ��· ,pÌ ·��A¨S�

Fig.2.1 �®M¯�°

-�.�/�0�¢ ~�T �¡ [a, b] = [x0, xn] �-±ª§ � º'¤��Q�-² h Y n ³6Y�´�]1.Q��j0k�À �
¤1�ah� ¸ ¤ ª � ]���¢�¦ � �

I =

∫ b

a

f(x)dx =

n−1
∑

k=0

∫ xk+1

xk

f(x)dx (2.1)

©(� � � °H° ¢ xk+1 = xk + h ¢h¦ � ��� ��X xk, xk+1 �!± �p· f(x)  © � aê�
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yk, yk+1

©S� � ©7�á� � Y Taylar b#c � ð (2.1) 0 ~4� Y �h� ��µp³�¶�� � �
Ik =

∫ xk+1

xk

f(x)dx =

∫ xk+1

xk

{

yk − y′(x − xk)
}

dx =
h

2
(yk + yk+1) (2.2)

(2.1), (2.2) 0 � ð
I =

n−1
∑

k=0

Ik =
n−1
∑

k=0

h

2
(yk + yk+1) (2.3)

©(� ð � -.�/10��$�·1Y �h� �#� | � �
I =

h

2
(y0 + 2y1 + 2y2 + · · · + 2yn−1 + yn) (2.4)

2.1.1 ¸º¹¼»9½Áàáâ�ãDä æ�èêé
1. ¤1��ÄHÅ [ a, b ]

� ÿ����!� ε �(ï � � �
2. n Y#@1"�3-�6�M��� � n

~
1 ∼ 100

| ¢ 1
} ¥ �'��� � �

1. h = (b − a)/2n, S = 0

2. i Y#@1"13-�Q�M��� � i
~

1 ∼ n
| ¢ 1

} ¥ �'��� � �
1. s = s + yi

3. s = y0 + yn, s = s × (h/2) �?ö�÷ � � �p| ¬ � ó�a½�(ô�õ � � �
4. n 6= 1 Y © ³ � |SS − S| < ε

� � @�"�3��7¾�§ � �
5. SS = S

3.
ª À n  100 �#ùúÀ ·���H�:� “not convergent”

© ô�õÁÀ ·û�ü4� � �

Fig.2.2 D®7¯�°-���������-�I�m�
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2.1.2 ¸º¹¼»9½Áà98f:
� �-:.�/106�	< ��·:� Y � � f(x) Y � a�¤1�6� P Ì �

f(x) = exp(−x2/2) (0.5 ≤ x ≤ 1.0)

¬ � À � ÿ��!�!� ε = 10−5
© À � ¤��  �¡ � 2n ��¿��ÁÀ ¬ © ³�Y�¤���aA� Sn

©
À	¬�� � |Sn − Sn+1| < ε

©(�!� ¬���À | � �h� � � ��° ©'�6| ¬ � n > 100 �#ùêÀ¬;µ ¶ ~ “not convergent”
© ô�õÁÀ ·:û�ü;� � �

� �
n h Sn

1 0.250000 0.374838

2 0.125000 0.375484

3 0.083333 0.375604

4 0.062500 0.375645

5 0.050000 0.375665

6 0.041667 0.375675

7 0.035714 0.375682

Tab.2.1 D®	¯�°��	G�H'�DJ	KML	N
O�P � � © $F·�Y �A�7� Q!R -dß� � � ~;} ¢H¦ � � ¿�� � n �Á½Ì � ��¥ � ¤T��a

Sn  Î�Ï À ·��A¨�(�B  ¸�·A© � � � n = 7 Y © ³ ��Â ¤1��a © Y;Ã� 10−5 Ã «H¢�¦ �¬ � �»h� û�ü À ·�� � �
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2.2 ÄÅ^�ÆÈÇÉ^Ê�Å¡ (Simpson rule)

-./10TY�Ë#A#0p��± ��·�� taylar b#c1�½� �T| ¢:� �#�H� 2�&4365&7/10p��Ë ¨ ° ©�¢�³ � � 2�&;3p5&7/�0�¢ ~�� ¤ ~4� Y �h� �#� | � �
I =

h

3
(y0 + 4y1 + 2y2 + · · · + 4yn−1 + yn) (2.5)

-�.�/�0�¢ ~� ó���Ì!Í�Îp¢1Y � � a�� ��� j�k ( ¶ � j0k ) � �0�· ¤���aA�4� �·���  � 2�&�3h5�&s/�0H¢ ~Hª½��§ À���� 2A¨ � � j�k ( Ï � j0k ) � �0�· � ��·�� � W
§�¢�¦ � �
2.2.1 Ð9�ÒÑºÓ¼�#»Ò½Áà â�ãDäçæ�èÁé

1. ¤1��ÄHÅ [ a, b ]
� ÿ����!� ε �(ï � � �

2. n Y#@1"�3-�6�M��� � n
~

1 ∼ 100
| ¢ 1

} ¥ �'��� � �
1. h = (b − a)/2n, S = 0

2. i Y#@1"13-�Q�M��� � i
~

1 ∼ 2n
| ¢ 2

} ¥ �'��� � �
1. s = s + 4yi

3. i Y#@1"13-�Q�M��� � i
~

2 ∼ 2n
| ¢ 2

} ¥ �'��� � �
1. s = s + 2yi

4. s = y0 + yn, s = s × (h/3) �?ö�÷ � � �p| ¬ � ó�a½�(ô�õ � � �
5. n 6= 1 Y © ³ � |SS − S| < ε

� � @�"�3��7¾�§ � �
6. SS = S

3.
ª À n  100 �#ùúÀ ·���H�:� “not convergent”

© ô�õÁÀ ·û�ü4� � �

Fig.2.3 Ô�zÖÕ0×�zØ¯�°��������	���I�@�
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2.2.2 Ð9�ÒÑºÓ¼�#»Ò½ÁàÙ8;:
� �21&;365&7/�06�	< ��·��� Y � � f(x) Y � a�¤1�6� P ���-Ú a © Ù��0� �7�

f(x) =
x

1 + x2
ex (0 ≤ x ≤ 1)

° Y�¤1�TY Ú a ~ e1/2 − 1
©(� � � ÿ������ ~ ε = 10−5

© À � ¤1�  ¡ � 2n ¿��À ¬ © ³�Y � a!¤���aA� Sn

© À ¬ © ³ � |Sn − Sn+1| < ε
©J��� ¬���À | � �h� �3ª�011>�Ø1� .�/ � � � n > 100 �4ùêÀs¬:µ ¶ ~� “not convergent”

© ô1õßÀ ûTü� � �
� �

n h Sn |S∗ − Sn|

1 0.500000 0.357517 0.001624

2 0.250000 0.358992 0.000149

3 0.166667 0.359108 0.000032

4 0.125000 0.359130 0.000011

5 0.100000 0.359136 0.000004

Tab.2.2 Ô�z)Õ0×DzÛ¯�°��	G�H'�ÖL	N
°�° ¢ S∗

~�Ú a½�JôßÀ · ±êð �-=!> ø � ��Á �;?�© � Ú a © Y4ÃT:¿�Ë ¨J���·�� �Y����� � �p| ¬ � -.�/10p�?Ù�Ú §p�� ö�÷�ø � ¢:ÿ����!�Q�s«T¬ ��� a��h�7d ��° ©�¢�³;¬ �
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3.1 Ü Ý Þß[ z (Euler method)� ��à-l���]�^�0 dy/dx = f(x, y) � í�î�á�â y(x0) = y0 Y ªT© ¢ � ap���J� ¨ ° ©��,hÌ � � O+ã �ªä�&�å�!�"6I��æáðÛç�Ì � ö1÷ ~�è�éFê ÷ � § � Y�¢ � l�����¤T� ©�#� ¬'ë�ìA�'¶'�#æ�ðç � ° ©#~ ¢p³ �����Õ ° ¢ ��o �(��Y�]1�½��< �1· lH��¤T�½�
j�k � ��° © ��,½Ì � � <�=½>4"��H¢ ~�� l��pY�º�íh��îáðI² h �4` 
��'ï ³ � ¢0j�k� � �

dy

dx
= lim

h→0

y(x + h) − y(x)

h
'

y(x + h) − y(x)

h
(h � 1) (3.1)

$ 4 �½�D·:06�7d � �
yn+1 = yn + hf(xn, yn) (3.2)

<�=½>�"�� ~'Â�ð Ã1� ©ª-ñ��:�T�á��� Y'���½� ª ¥ `yª7ò�ó � �;� a����QY � ¥T¢H¦� �
(3.2) 0��A�)à�l1��]�^�06� � ap���(� ¨S� Fig.3.1 �A�S��� � �h� ��<�=6>?"���¢ ~�_Ï � ô X ��õ �	öêÀ ·'÷��� ô O ��õ �7< ��· j'kÁÀ ·���¨S�

Fig.3.1 øMù�ú��JÉ
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3.1.1 ûÙüþýq�êÞáà�â�ãçäçæ�èêé
1.
í�î a (x0, y0) �	ÿ ñ�� � �

2. f(x, y) �?ö�÷ � � �
3. yn+1 �?ö�÷ � � �
4. ó�a½�0A Ñ � � �
5. x = x + h �Jö�÷ � � �
6. yn, yn+1 Y ��� � ò
7.
á0â �s«H¬AÀ ·�� ¬��Sö�÷6� û�ü;� � �

8.
ÕÁ� ¢ �� µ ¶ ~� 2 ��îßðÊö�÷p�M� ð� ���

Fig.3.2 ø�ù�ú��sÉ����������-�I���
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3.1.2 ûÙüþýq�êÞáàÒ8;:
� �
à-l���]�^10 dy/dx = 1 + y �-± ��·��:í�î�á�â x0 = 1, y0 = 0 ¢�¦ � © ³ � <�=>#"��Q��< ��·� �¡ [1, 10] Y ¡ ¢ � ap���J�f§ ����� ² h

~
h = 0.1

© � � � ° Yb(cQY������ ~ y = exp(x − 1) − 1 ¢��HÌ6� � � ��� a�� © ����� © Y;Ù�� ª P Ì �
� �

 
                 

Fig.3.3 ø�ù�ú��sÉ��ÖL7N
ö�÷�Y í�î
	�� ¢ ~:� ����� © <�=Q>?"�p� � � � a�� ~-ï Ã �:�  ���� � ñ � ©��
¤ßÀ7¬4Â�Ã ~ h'iT¢�³ ���0ï ³�Ë ©(���:·�� � Y����� � � ° Y4µ ¶ � ����� ©M2�������	d � ¬ � � ~���� ² h �HË��#���p� ¨1© �	n ÿT�¦ � �
��� ² h ���H� ¨1© � © ö1÷ø � �Á ï�� ��° © � � ð �-o � ��Y O <�� � ö�÷6� P � µ ¶ � ~�����ï�� ö�÷fä#i $ ©� � ��ÕÁ� ��� ¬�����¢�<�=Q>J"�� ~ O <���¢ ~���  �-`�ª�ò�ó � �#� a����TY � ¥1¢¦Að � »��p���� � ° © �A�! �ÿ � �1��¢1¦ � ©7� Ì � �
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3.2 " ^$# %�& ')( z (Runge-Kutta method)

4
� Y����Q� ª ¥ � a��1�1¢�¦ � @A&4BDCFEHG4IJ��¢ ~4� Y �Q� �(� ¨S�

k1 = hf(xn, yn) (3.3)

k2 = hf(xn + h/2, yn + k1/2, ) (3.4)

k3 = hf(xn + h/2, yn + k2/2, ) (3.5)

k4 = hf(xn + h, yn + k3) (3.6)

k5 = (k1 + 2k2 + 2k3 + k4)/6 (3.7)

yn+1 = yn + k5 (3.8)

Fig.3.4 *�z,+.-0/132SÉ
4'5 Y�4 . � � Y �h� � ����1¦ � Y�� «F¬ �65 ¼#� � �
1. X (xn, yn) �½�87A³ f(xn, yn) ¢ x  h

� § ð � © y
~

k1

� § ����� � �
2.
° Y �+4 YX (xn + h/2, yn + k1/2) ¢�7�³��#� �:� (xn, yn) ��� h

� § ð � © y~
k2

� § �'��� � �
3. 9 ( � � (xn, yn) �½�87A³ f(xn + h/2, yn + k2/2)

� § h
� § ð���� k3 �7d � �

4. Ë1�J� (xn, yn) �A� f(xn + h, yn + k3) :�7½³�¢ h
� § ð���� k4 �7d � �

5. $ 4�� 1∼4 :6;< �=?> © À ·�� yn ��ö � � Á�@ k5 �?� �;�BA (xn+1, yn+1) �7d � �° : ��C �<D ~���EGF ~áð Â�Ã��¿�Ë ¨7�1| ¬�H �AªD«F¬ ¢�¦ ��° © �A� ��C ö�÷
D�¢~�2½¨ < � � � �JI DK: � ¥�¢H¦ � � ËªA ~ Tayler bªc���� � Ë � �  �'ï��H��L�M<N¢�¦ � �p| ¬ ��O?PRQ�S D ©UTWV�XZY\[�]�^ D�:<_`badc e�egf 2 h�:�i
jRk<l�mn�o PV D�pRq�lr fds
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3.2.1 z|{~} �3���R�~������z��|�
�.�
1. ��� C (x0, y0) k6��� e~fds
2. k1 ∼ k4 k��
� e~f,s
3. yn+1 k��
� egfds
4. � C k���� e~fds
5. x = x + h k6�
� e~fds
6. yn, yn+1 :�������
7. ���~k��KnW ,¡�¢bn¤£!���¥k�¦�§ egfds
8. ¨ª©¬«bp?¢��®¥¯?° 2 a�±³²´�
�Gk�µ�²´¶ e�s

Fig.3.5 ·�¸�¹»º½¼�¾À¿3Á�Â�Ã�ÄUÅ�Æ?Ç!ÅÉÈ
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3.2.2 z|{~} �3���R�~����Ë¤Ì
� �
Ê�v�@ I
w<x dy/dx = 1 + y a�Íb¢b¡
°�
�b��� x0 = 1, y0 = 0 «�r f�Î�Ï ° T¤VXÐY\[G]�^ D¥k6Ñ�¢
¡�Ò�` [1, 10] :
`�«�� CKÓ aJy~Ô s�Õ�Ö
× h ¯ h = 0.1

Î!egfds
Ø�Ù�Ú�ÛgÙ�Ü
Ý yg¯ y = exp(x − 1) − 1 «�ÞGßR£3à f�s �
á�y Î Ü
Ý y Î Ù�â
ã lä ß s

� �

 
         

Fig.3.6 ·�¸�¹»º½¼¾!¿ÀÁ�Â3å6æ

Fig.3.3
Î â
ç ¡�l�è�é f�Î Íê²!° TWV�X³Yë[G]�^6ì k6Ñ�¢
n���á
y Î Ü�Ý yR¯í�¢�î�ï

kJð�¡�¢ fds�ñ�òGQ�S�ì Ù �® Î6ó6ô Ù Õ�Ö
× h «�rg²�p�õW£À°J�
��ö�÷Ra�ø Ï p�ù�¢bõ
�?n s Ø àK¯�úWû X�Yü[G]�^�ì Ù i
j�õ ñ?òRý�þ�ì~ÿ ²���¢ Ø Î a�� fds  dé~ �°�î�� Ó
a�i
j Ù ��¢���á�y ì ¯?°?�
� Ù���� ]�	 �Kõ�
�� egfds� n�°?���Ga���� Î�� à f ���Ù �¤l�
�� e~f n���°�î��ga�i�j�õ
í�¢���á
y ì k���Ñ e à���í�¢ Î ¢ª©���Ô�«<¯�p?¢ s n�° Õ�Ö�× h l���é�� Î à �!�#". �l�í�¢��<Ô�«b¯�p¢ s ��é�� Î ² e%$bf�Î'&�(*)+ Ù!,.- õ�
bø» Ui
j�õ (*)bf n/��°10#2Kp h k�3 ���bÑ e~f Ù õ54   �¢ s
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6
4 7

8 9 : ; <
1

4.1 =?>A@CBEDF  « Ù!G#H kJI  ß�°�K�L Ù�M!N (/O�P#Q kSR�TVU�W þ RYX�û e~f Ø Î kVZ¥ß fds K[
m
Ù!\.]�Ù�^ � Ù l Î�_ ÍKÔ fJP#Q#` wbx ¯�h x «1a � à fds

m
d2y

dt2
= −mg (4.1)

Ø
Ø «�° g ¯ ^ ����b
j�«�r f,s (4.1)
x ¯°?h Ù ÿ © _dcKÏ �gß f Ø Î õ�« Ïbfds
dvy

dt
= −g (4.2)

dy

dt
= vy (4.3)

Ø�Ù cfe<°5b
j�gfh�i�kVj#kSlª �° ` w�x k - èSl e~f Ø Î «��/h�i1m _ ��á
y~k�3��
¡
¢n� `bì õ��
á*RoT�U*W þ RnX�û `bì «�r f,s Ø�Ø «�¯?° ñ�ògý�þ?ì k6Ñ�¢b¡ (4.2)

x
k - è�l e~fds

vy(t + ∆t) − vy(t)

∆t
= −g (4.4)

ÿ m¡
vy(t + ∆t) = vy(t) − g∆t (4.5)

ó�ôo_
(4.3)

_�p ¢<¡¥l - è�l e¤f�s Ø�Ø «
° vy(t) k vn
y ° y(t) k yn

Î a�q eWfKÎJr/OÙ ÿ © _1c¥Ï�s�t�f�s n ¯dj.k#l � à�n.h�i �S�vu 	 kVa³ �¡
¢ f�s* n
° ∆t ¯#h�i ÙÕ�Ö
× «�r fds
vn+1

y = vn
y − g∆t (4.6)

yn+1 = yn + vn
y ∆t (4.7)
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4.1.1 xzy³�|{~} � ��z|�|���ê�
1. �� ∆t, g k��/� egf�s
2. cfe<°5b
j Ù �
�
3. ��á~k���� e~fds
4. t = t + ∆t

5. 3��n�¢.h Õ t
_!�  �n¤£3¦�§

6. ¨ª©¬«bp?¢��®¥¯?° 2
_ ±³²´�
�Gk�µ�²´¶ e�s

Fig.4.1 ����Â�����Â�Ã�Ä!Å�Æ�Ç3ÅÉÈ
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4.1.2 xzy³�|{~} � Ë¤Ì
� ��/� é�£�� � h = 200

Ù � L�é�£ \/] k M�N (�OY��t n Î�Ï Ù c e (y − t)
Î bbj

(vy − t) kVa.� t�ÿ�s ØbØ «�° Õ�Öb× ∆t ¯ ∆t = 0.1
Î3e¤fJs� n�° ^ ���/bbj g

¯ g = 9.8
Î!egf�s� n�°?���#b�j v0 ¯ v0 = 0

Î!eWfds K.L�õ ��� _��/� (y < 0)

 �n¤£�� w k��*� f�ÿ © _�e~fds
� �

 0

 50

 100

 150

 200

 0  1  2  3  4  5  6  7

y(
t)

time step

Fig.4.2 ����Â��d�V��� (y − t)

-60

-50

-40

-30

-20

-10

 0

 0  1  2  3  4  5  6  7

v(
t)

time step

Fig.4.3 �!��Â����V��� (v − t)

K�L Ù cfe
�SlG¯ 2 h���� Ó�_ �Slª ,¡�¢ f Ù õ�è�é fds� n�°!K�L Ù b
j
�Sl¥¯���b
j�õî#��p�n/� s��KÓWÎ p fds#��� õ<r�à��° Ú6Û k � £ _d�S�#��� õ<r f �®.g�����õ�*�<m�n��®Gpgq _��/�5t¤ÿ,s



t
4 u \�w R�T�U�W þ RYX�û 1 21

4.2  ¡DA¢¤£ ¥¦%§�¨#© v<è ` wbx Ù/ª «�0Wl�«/¬�p ` wbx ¯°?h Ù 1 h#�® Q.` w�x «�r fds
∂f

∂t
+ c

∂f

∂x
= 0 (4.8)

(4.4)
x k6�
á Óf_ y¯� `bì.Î  d¡?h Ù `bì õ�r f�s (4.4)

x Ù
Tayler °�±�k x

Î
t
_�p

¢�¡�2
Ñê �°i
j O(∆t2), O(∆x2)
 «1²�³¥p - èGk�´ f�Î

f(x, t + ∆t) − f(x, t − ∆t)

2∆t
+ c

f(x + ∆x, t) − f(x − ∆x, t)

2∆x
= 0 (4.9)

k6ð f�s Ø�Ù1- è x k!µ�Ê�¶#·�¸ (leap frog)
ì.Î�¹Sº�s Ø�Ø «
°.h�i _�p ¢b¡�¯ 1

p i
jRk (ÉÎ  ,¡

f(x, t + ∆t) − f(x, t)

2∆t
+ c

f(x + ∆x, t) − f(x − ∆x, t)

2∆x
= 0 (4.10)

k��bÑ.» f Ø Î!_ » f�s Ø
Ø «�° x = xj = j∆x, t = tn = n∆t
Î  ,° f(x, t) k fn

j

Î aq#» f�Î (4.10)
x ¯ r�O Ù ÿ © _dcGÏds�tWf,s

fn+1
j = fn

j −
χ

2
(fn

j+1 − fn
j−1) (4.11)

Ø
Ø «�° χ = c∆t/∆x «�r fds Ø�Ù�- è�¯�î�� Ó/_ ª�¼.- è ì»ÎJ¹ ��à�½�l Ù «<r�½ s¾�
£ _ i�jRkd¿fÀ?n 2 h�i
j Ù�- è ìÉÎ  ,¡ Lax-Wendroff

ì õbr�½ s
fn+1

j = fn
j −

χ

2
(fn

j+1 − fn
j−1) +

χ2

2
(fn

j+1 − 2fn
j + fn

j−1) (4.12) n�° (4.10)
x _�Á  ,¡�h Ù ÿ ©3p - è ì kVÂ�¿ - è ì»ÎJ¹5º?s

fn+1
j = fn

j − χ′(fn
j − fn

j−1) (c ≥ 0) (4.13)

fn+1
j = fn

j − χ′(fn
j+1 − fn

j ) (c < 0) (4.14)

ØbØ «b° χ′ = |c|∆t/∆x «�rf½ s Â�¿ - è ì «�¯ c
Ù ²�Ã _�ÿ m�¡52<Ñ�»v½ - è x õSÄ

pf½ s

 0  10  20  30  40  50  60

f(
x,

t)


x

Fig.4.4 Å�Æ�ÇÂ�ÈVÉ ( Ê�ËVÌ )
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4.2.1 ÍÎ}~Ï|ÐÒÑª� ��z|�|���ê�
1. �� ∆t,∆x, c Ó��/��»o½ s
2. Ô�Õb��� fj Ó 0 ∼ 60

 «SÖ�×�»o½ s
3. ��� Ù ® Ù è5ØYÓV�/��»�½ s� n�° f0 = f60 = 0

Î »o½ s
4. n

Ù ú þ�	 Ó�ÙfÚ s n ¯ 0 ∼ 100
 « 1 " p �Sl.»o½ s

1. ��áoÓ?���#»Y½ s
2. j

Ù ú þ�	 Ó�ÙfÚ s j ¯ 1 ∼ 59
 « 1 " p ��l.»o½ s

1. � j
_ Íb¢�¡1Û Ù h�i Ù fn+1

j Ó6�
��»Y½ s
3. fn

j

Î
fn+1

j

Ù ���<�?�
5. ¦�§�»o½ s

Fig.4.5 Ç���Ü�Ý!Þ�Â�Ã�Ä!Å�Æ�Ç3ÅÉÈ
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4.2.2 ÍÎ}~Ï|ÐÒÑª� Ë¤Ì
� �
������� Î  ,¡ j õ 20

Î
30
Ù i�« f0

j = 1
Î  �°�¨?à r ��«�¯ f0

j = 0
Î  �°?� -

è ì (
ª�¼.- è ì|Y Lax-Wendroff

ì|Y Â�¿ - è ì ) Ó6Ñ�¢
¡�°Vß#à�® Ù�á.â ÓSR�T�UW þ RYX�û t�ÿ�s�� i Ù�ã*u R�UJ� j ¯ j = 0 ∼ 60
Î  �° f0 = f60 = 0

Î »o½ s�
n
° c = 1.0,∆x = 1.0,∆t = 0.1

Î  �°#h�i �S�|u 	 ¯ 100
 «����³ ,° ä ý�å ltWÿ,s

� �

 0  10  20  30  40  50  60

f(x
,t)

x

Fig.4.6 æèç�é�ê�Á

 0  10  20  30  40  50  60

f(x
,t)

x

Fig.4.7 Lax-Wendroff Á

 0  10  20  30  40  50  60

f(x
,t)

x

Fig.4.8 ëdì�é�ê�Á
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4.3 íïîñð òôó
Û _ [Sõ ��ö _ ÍKÔ�½�R�U�W�÷�ø
û!ù þ5`�ú�û Ù.ü!ý á Ú�Û ÓJ��á Ó/_ yÎ� Ø Î Ó�Z¥ß½Jþ*R.U�Wÿ÷�ø
û�ù þ�`#ú�û ¯

−
~

2

2m
∇2f + V (x)f = Ef (4.15)

«���½�þ Ø
Ø «�° ~ ¯ 	�ý û��d�� h Ó 2π «����	��
 Ù ° m ¯dK [ ° V (x) ¯�� � û5R�
ú�° E ¯�����ú�� þ ü�ý á�° f ¯!® Q ����«���½Jþ 1 Û# Ù �®oÓVZ¥ß�½ Î ° (4.15)

û ¯r�O Ù ÿ © _�� ½�þ
d2f

dx2
+ k(x)2f = 0 (4.16)

Ø
Ø «�° k(x) ¯
k(x)2 =

2m

~

{

E − V (x)
}

= E∗ − V (x)∗ (4.17)

«���½�þ Ø�Ù `#ú�û�_ Þ�ß¥£3à��	���������/¸�� � û�R��ú V (x)
Ù 
 Î «�y¯� Ù «���½

õ�°����
ú�� þ ü1ý á E ¯����~£3à�¡
¢ � ¢Sþ Ø�Ù ÿ © � 
®K°�ÞGßg£3à��	���
���vÓ
����»
yW¯ E õ���½��/� Ù á (

Ø àYÓ ü5ý á Î�¹.º )
Ù h Ù Ö ��! »v½ Ø Î õ#" £�àG¡

¢�½JþØ�Ù ÿ © � �$��á Ú�Û Ó��
á Ó�_ yz� `bì Ù 1
pêÎ  d¡�° shooting

ì õ���½�þ Ø à¥¯
î ` Ù ���Ké�£���%� &�?y Î 
W©!î ` Ù ���Ké�£���%� &�?y Î Ó	' Ùfª�Ù ��½dL%Ó p(�)ÿ`�ì «$��½�þ Ø�Ù `bì Ó6Ñ�¢�¡10*
�«f¬ � � � û5R$Jú V (x)

Ù �® _!p ¢b¡�y�¢b¡�¢��þ�� � û5R�Jú V (x) Ó�Û Ù ÿ © _ �,+#»o½Jþ
V ∗ = ∞ (x < 0, x > L) (4.18)

V ∗ = 0 (0 < x < L) (4.19) ��°��������¥¯ V (0) = V (L) = 0
Î »�½Jþ Ø�Ù � � û5R�Jú V (x)

_ ÍKÔ�½,y�-�yR¯°
í��.".£!à�¡�¢�½ ÿ © _

E∗

n =
(πn

L

)2

(4.20)

fn =

√

2

L
sin

nπ

L
x (4.21)

Î/� ½�þ Ø
Ø «�° n ¯ n = 1, 2, 3, · · ·
Î �Sl#»o½Jþ Ø à�õ�� � û5R�Jú Ù�0�1 _ 2�354 �

£3à���6 õ Ù ® Q ���G«��/½�þ  � E
Ù áYÓ�����ú�� þ�7�8�Î�¹ ¸b°	9f¸�9f¸ Ù á�:�Ô

õ Î ½ Ø Î Ó/; � à�½Jþ
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4.3.1 >*?A@ZË¤Ì�� ��z|�|���ê�CB~ËWÌrfO Ù#D 7o_�E �?¡�° shooting
ì Ù 	GF ä ý�H Ód´�I� d° (4.19)

û Ù � � ûSR�6ú Ù
 Î « üdý á E1 Ó�3�� ÿ þ O q _ ��½ fL
j , fR

j ¯J��� ÙJK�L é~£�3��JM*���1® Q ��� fL
jÎON L é¤£�3*��M%�#�5® Q ��� fR

j «��/½�þ<îS� Óf_ �$�����¥õ óP3 «G
 fL
j

Î
fR

j ¯ ó3 á _ � £ � ¢<õ�°�Q ÙSR � £V� fL
j = fR

j õ�I�².T�� � Ô�à�� � £ � ¢5þ�I�².T�� � ¢�®¥¯ E∗ Ó/Uª ¬�Gß�°J0#2 � E∗ Ó�3��¡�¢Y��þ  ��° Ø�Ù �® kj ¯ k2
j = E∗ «���½�þ

1. ���� ∆x,E∗,∆E∗, L, e Ó��/�5»o½Jþ Ø
Ø « ∆x = 1.0 ° E∗ = 0 ° ∆E∗ = 10−7 °0�1�Ù ×
L = 50.0 °#��3 V W e = 10−3

Î »�½Jþ
2. X�� ¨ Ô.Õ<��� fL

j

Î
fR

j Ó j = 0 ∼ 50
 « Ù�YGZ «.ÖS×#»n½�þ  �
°,[�\bÑ _]�^ ¨�_

gj Ó j = 0 ∼ 50
 _ Ù�Y�Z _ ó�3 �JÖ5×�»o½Jþ

3. 2a` � fL
1 , fR

49 Ó�b º þdc�c _�e f fL
1 = fR

49 = 1.0 g »|½�þ�3%� ��h�® Q � ^ õi � ^(j�k�l e fL
1 = fR

49 = 1.0
f�m � ^Gj�k�l e fL

1 = 1.0, fR
49 = −1.0 gÿ»bà��n h1þ

4. ��� o�p fL
0 = fL

50 = fR
0 = fR

50 = 0 Ó�2�q�»o½Jþ gj = 0 (0 ≤ j ≤ 50) g�»o½Jþ
5. j

j ú þ�	 Ó�Ù/Ú5þ j
e

1 ∼ 49
 _

1 " p�r l.»�½Jþ
1.
K�L éPs�® Q � ^ fL ÓJt�u�»o½�þ

fL
j+1 = (2 − k2

j ∆x2)fL
j − fL

j−1

6. j
j ú þ�	 Ó�Ù/Ú5þ j

e
49 ∼ 1

 _
-1 " p�r l.»o½Jþ

1.
N L(v s�® Q � ^ fR ÓJt�u�»o½�þ

fR
j−1 = (2 − k2

j ∆x2)fR
j − fR

j+1

7. j
j ú þ�	 Ó�Ù/Ú5þ j

e
0 ∼ 50

 _
1 " p�r l.»�½Jþ

1. |fL
j − fR

j | ≤ e
� s gj = 1 g�»o½Jþ

8. gj

j
j = 0 ∼ 50

 _ j	w Ód3Gx f w�y 51
� s{z j g�| j E∗ ÓVa.�~}.t�uoÓ��� »o½Jþ�z�� _ � h � s f E∗ = E∗ + ∆E∗ g�} f 3

_���� t�u�Ó&� ��� »�þ

Fig.4.9 shooting ���.�J�,�
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Fig.4.10 shooting �������O�S�,�.���
shooting � _ n ½J��� �a�	� 7 8 E1

j�^�� R e
E1 = 0.003946 g � ½�þ�Û _ R -(�_ �����a�,� 7�8 E1 Ó���x��$��}&��  n � þ$�����*�,� 7 8 E∗

n

j R - R e (4.20)
ûn �

E∗

n =
(πn

L

)2

_ ��½�þ F e n = 1
j h j�� ÓJ" � ��h j _�f n = 1,L = 50.0 Ód¿ û*_S¡�¢ »Y½�g f E1j R - R e

E∗

1 =
( π

50

)2

= 0.003948r ¿ n � f ^ � R g R - R g e#£ h�¤ ¥*Ó&¦���þG§S¨�©�}{� f E∗
j�� Ó/ª�«�}{� h�¬� f® sS©�¯�h�� ���G��� 7�8 ÓJ��x,� ha°#c$g y _ |�½�þ
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±
5 ²

³ ©/´�µ,¶ ·�¸(¹ ^ � ��©/º»°#c�g�¹J¼(½�¾À¿ Á$Â�¶ ·�¸�Ã�ÄJ©J��Å#Æ�Ç��$© eJÈ�É�Êy f ^�� ��©/ËÌ�ÎÍ j Ï�Ð ��Ñ e c,ÒGs j ¶ y e ¾ v ©/Ó�º _�Ô ¾�c�g v s f c,ÒGs j,Õ¹SÖG©�}Ø×	¿ 2 Ù j Á$Â�¶�·$¸ e�Ú Â Û�Üa¾�g f ´�µ#¶ ·$¸ j�Ý © Ã�¾�×�x f c�c _#Þ�ßÏ$Ð ��Ñ eSà q á�â y�ã x,�	ä$h	¿(å�× f#æ ° j�ç ¼ è�éPê Ô ¾�c$g v s�ë,ì�}{�,í� ,îx$¾�ï$ð�¹�ñ	ò�xSÜP¾À¿
5.1 óõô÷öùøûúùüþýÿ�� Ï������ �	��
�(|�° 2 � � Ï������ ©�ÂG¬�����¾À¿������ � Ï������ y�� î ���Ï������ 
! "�#� y Ö%$ ¡�¢ Ï����&� ð&'$�$��((¾À¿ ³ �	) �.Ã x0, x1, · · · , xn−1 ¹�*+�, ðOÜP¾ n -�´�µ 1

³ ¶ ·�¸�¹ , � ��©/º�°#ï$ð�¹J¼G½ ) � ¿






















a00x0 + a01x1 + · · · + a0,n−1xn−1 = b0

a10x0 + a11x1 + · · · + a1,n−1xn−1 = b1

...

an−1,0x0 + an−1,1x1 + · · · + an−1,n−1xn−1 = bn−1

(5.1)

º%.���©��0/�¶�·�¸G¹�1� �2�3��* +�, ¹ ��� }{�4(a°.¶�� y + ������((¾{¿ ÿ�� Ï����� �	��
�ï&�G¹65�7���©Sì98	��(a° Ï$Ð ��Ñ�: Ô ¾{¿
5.1.1 ;=<?>=@BABCED#F

1. n - ´�µ 1
³ ¶ ·$¸ � n G � ¸G¹IHKJL�NM�©�
�O 0 ¸ , O 1 ¸ , · · · , O n − 1 ¸ ð

' ß ï�ðJ©SÜP¾À¿GåPK
�O 0 ¸G¹ a00 :IQR�(
x0 + a

(0)
01 x1 + a

(0)
02 x2 + · · · + a

(0)
0,n−1xn−1 = b

(0)
0 (5.2)

¹/¦a¾À¿ ³ © (5.2) ¸G¹ a10 SUTWV 
NO 1 ¸KJL�YXRZ Ü�¾À¿ ³ © ³ © (5.2) ¸(¹ a20

SUT[V 
�O 2 ¸KJL�YXRZ�ÜP¾6
*ð[(=\�]�^G¹6O n − 1 ¸�å4:_?`"a Ü ¿
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O 1 ¸ − a10( O 0 ¸ ) = b
(0)
1

O 2 ¸ − a20( O 0 ¸ ) = b
(0)
2

...

O n − 1 ¸ − an−1,0( O 0 ¸ ) = b
(0)
n−1

ÜP¾�ð[
4dRe �	) \.Ã�¶�·�¸G¹�fa¾�ï�ð�g�:ih�¾À¿






















x0 + a
(0)
01 x1 + a

(0)
02 x2 + · · · + a

(0)
0,n−1xn−1 = b

(0)
0

a
(0)
11 x1 + a

(0)
12 x2 + · · · + a

(0)
1,n−1xn−1 = b

(0)
1

...

a
(0)
n−1,0x1 + a

(0)
n−1,1x2 + · · · + a

(0)
n−1,n−1xn−1 = b

(0)
n−1

(5.3)

2.
³ ©0O 2 ¸�dce � x1 ¹ ��� ÜP¾À¿(åPc
�O 1 ¸G¹ a

(0)
11 ¸K:IQ*¾�ð ³ ¸G¹�fP¾À¿

x1 + a
(1)
12 x2 + · · · + a

(1)
1,n−1xn−1 = b

(1)
1 (5.4)

(5.4) ¸G¹ a
(0)
21 S=T&V 
4O 2 ¸iJ��YXcZ T · · · 
 a

(0)
n−1,1 SUT&V O n − 1 ¸iJ��YXcZð[(=\�]R^(¹�_j`Ya43G

O 2 ¸ − a
(0)
21 ( O 1 ¸ ) = b

(1)
2

O 3 ¸ − a
(0)
31 ( O 1 ¸ ) = b

(0)
3

...

O n − 1 ¸ − a
(0)
n−1,1( O 1 ¸ ) = b

(0)
n−1

dce �	) \5Ã�¶ ·$¸G¹�fP¾À¿


































x0 + a
(0)
01 x1 + a

(0)
02 x2 + · · · + a

(0)
0,n−1xn−1 = b

(0)
0

x1 + a
(1)
12 x2 + · · · + a

(1)
1,n−1xn−1 = b

(1)
1

a
(1)
22 x2 + · · · + a

(1)
2,n−1xn−1 = b

(1)
2

...

a
(1)
n−1,1x2 + · · · + a

(1)
n−1,n−1xn−1 = b

(1)
n−1

(5.5)

3. §S¨ � ]R^(¹�_j`Ya Ü*ï$ð&:�
4dce �	) \.Ã�¶�·�¸G¹kfa¾À¿






















x0 + a
(0)
01 x1 + a

(0)
02 x2 + · · · + a

(0)
0,n−1xn−1 = b

(0)
0

x1 + a
(1)
12 x2 + · · · + a

(1)
1,n−1xn−1 = b

(1)
1

...

xn−1 = b
(n−1)
n−1

(5.6)

ï �	) \Ø©�M�l�©k* +�, ¹ � T[V (P°&×Km�
�ï � Ï��n��� � � î ����Ï������ ð&'� V ((¾{¿
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Fig.5.1 o&pIq�rIs[tKuYv�wIx0yYz6{�|�z~}

5.1.2 �U�=�U�BABCED#F
� î �%��Ï4�#�k�c�I� Ö�:%
 xn−1

�� g bn−1 ð T&V fB��� V (�¾&¿�ï �I� ¹ 1 �cH� ¶ ·�¸��k����Ü����
 xn−2

�6� g���å�¾À¿*ï&�G¹ xn−3, · · · , x1, x0 ðY_?`"a Ü*ï�ð[:4
´�µ,¶�·�¸ � ºP¹k��m$¾$ï�ð�g4:ih�¾À¿�%�c� ��� ³ ��4� ¹&ì�½��
 xk

�k� g bk �6��� ® ��¾À¿aï�ïk:�
 k � k = n−2, n−

3, · · · , 2, 1, 0 ð���Û�ÜP¾À¿
bk = bk −

n−1
∑

j=k+1

akjxj (5.7)

ï �	) \W�0�4M	:�ºP¹6��m V (P°&
�ï � Ï������ ¹SÖ�$%��� Ï������ ð[(=\ ¿

���������

������������� �¢¡ £¤¡

Fig.5.2 ¥k¦�§�¨�s[tKuYv�wIx0yYz6{�|�z~}
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Fig.5.3 ©%ªNskw&q�rk«IwxyNzk{�|�zn}

5.1.3 ¬U�A=®�>=@�¯?®j°�±
� �ÿ9� Ï������ bG¹k²K( V 
 ³ � 1

³ -�´�µ	¶ ·�¸G¹&º�³/¿


















4x0 + x1 − 3x2 + 5x3 = 18

2x0 + 3x1 + x2 + 2x3 = 21

5x0 − 4x1 − 2x2 + x3 = 5

−2x0 + 2x1 + 8x2 + 2x3 = 16

(5.8)

� �ï � ´�µ,¶ ·�¸ � º9��dce �i) \W��Ã�¾{¿
x0 = 4

x1 = 3

x2 = 2

x3 = 1
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5.2 óõô÷ö ´0µ ¶¸·º¹ûýÿ�� Ï������ bc:c��
�5�7 � ��* +�, ¹k��m V (i8	×�g4
�ï�ï6:R�6»9¼�Ã½4¾ � ¹�¿KÀ
T 
�Á�Â�ÃÃ%Ä��#Ã�¾	å�:_j`Åa T ºP¹6��m$¾�ï�ð&:0* +�, ¹6��m�¾&¶�bG¹0ÆÇ` ËÈ\ ¿�ï�	) \É�6ÁRÂ�ÃÃ�Ä���Ã�¾	å4:0_j`"a T º�¹6��m V (!Ê.¶�b�¹�Ë%Ì�b ð[(=\ ¿ï�ïk:c��
4Í$Íc�kÎ�¹�¼G½#Ã4gL�W
RÏÐ�Ñ�ÒWÓ�Ñ �0Ô �G¹Õ�ñU\ ¿cdce �	) \.Ã�´�µ,¶·�¸G¹S¼G½�¾À¿











3x + y + z = 8

2x + 6y + 3z = 23

x + 2y + 4z = 17

(5.9)

H�¸G¹ (x, y, z) ��R( V�Ö �c×���ºi(�× Ý �IØ,Ü ¿










x = (8 − y − z)/3

y = (23 − 2x − 3z)/6

z = (17 − x − 2y)/4

(5.10)

»9¼�Ã0½�¾ � ¹�Ù�m$¾À¿dï�ï6:R� (x, y, z) = (1, 1, 1) ðOÜP¾�ð










x = (8 − 1 − 1)/3 = 2

y = (23 − 2 − 3)/6 = 2.666 · · ·

z = (17 − 1 − 2)/4 = 2.41667 · · ·

(5.11)

ï �	) \W�6½�¾ � JL� � ¹ ³iÚ �6��� T 
IÛ T ÊÉ��å�8,× � ¹�Ü	(�
 ³ �6� ¹k��m$¾�ð[(
\Sï�ðJ¹�_j`Åa T ìÝ\ ¿�Ü�¾�ðÉdce �i) \W� (x, y, z) g0Þ � �0ß�àR( V (LÊ � g�ÂiJ�¾{¿

á ,
x y z

1 2.000000 2.666667 2.416667

2 0.972222 2.300926 2.856481

3 0.947531 2.089249 2.968493

4 0.980753 2.022169 2.993727

5 0.994701 2.004903 2.998873

6 0.998741 2.000983 2.999823

7 0.999731 2.000178 2.999978

8 0.999948 2.000028 2.999999

9 0.999991 2.000004 3.000000

10 0.999999 2.000000 3.000000

11 1.000000 2.000000 3.000000

Tab.5.1 ©4ª�s�âäã�åkæ&ç0«�wÉèké



O 5
Õ ´�µ,¶ ·�¸ � ºcb 32

ï&�	��
4dce � ¸G¹6ê�Z T[V ((¾�ðÉÂ�ë�ÜP¾�ï�ð�g4:ih�¾&¿
x

(k+1)
i =

1

aii

(

bi −

i−1
∑

j=0

aijx
(k+1)
j −

n−1
∑

j=i+1

aijx
(k)
j

)

(5.12)

ï�ï6:Iì � (k) �ê%Z á , ¹�í T[V (�¾À¿ ÿ�� Ïïîñð�ò�ó ÐRbc:c�
∣

∣

∣
x

(k+1)
i − x

(k)
i

∣

∣

∣
< ε (i = 0, 1, · · · , n − 1) (5.13)

ð/ÃR8	×L�YË%Ì�ê%ZG¹kô�m�
 x
(k+1)
i ¹&ºAð5ÜP¾Ø¿ ε �ÈÂ��4õ Ú ð&'cö�G¾�÷�Â%ø�ùJÃ � :Ô ¾À¿
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5.2.1 ¬U�A �ûújüÇý~þ=¯?®?ÿnþ��������
1. ½�¾�Û
2. Â���Ã%Ä ε ¹	��
�Ü�¾�×Km � � , err � 0 �4�
3. i

� Ð� � ¹�1��#¿ i � 0 ∼ N − 1 å�: 1 PR��� Û�ÜP¾{¿
1. � , sum � bi ¹k���
2. j

� Ð� � ¹�1��,¿ j � 0 ∼ N − 1 å4: 1 P�����Û�ÜP¾{¿
1. sum � sum − aijxj ¹�����ÜP¾&¿

3. sum � sum/aii ¹k����Ü�¾À¿
4. xi � xi + sum ¹k����ÜP¾À¿
5. err � err + |sum| ¹k�4��ÜP¾À¿

4. ����¹�í���ÜP¾À¿
5. err g�Â��%Ã%Ä ε

) `ÅønùI³6��ö�����ÜP¾À¿
6. Ö \N:�Ãc³k��ö�
 2 ���U`"ê%ZG¹&_j`"a Ü ¿

Fig.5.4 ©�ª�s#â ã�å�æ�ç0«w�x0yYz6{�|�z~}
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5.2.2 ¬U�A �ûújüÇý~þ=¯?®?°�±
� �ÿ9� ÏEî ð�ò4ó ÐRbG¹k²c( V 
 ³ � 1

³ -#´�µ,¶ ·�¸(¹&º!³/¿


















4x0 + x1 − 3x2 + 5x3 = 18

2x0 + 3x1 + x2 + 2x3 = 21

5x0 − 4x1 − 2x2 + x3 = 5

−2x0 + 2x1 + 8x2 + 2x3 = 16

(5.14)

Â4��Ã%Ä ε � 10−6 ð5Ü�¾À¿(å ×�
�½4¾ � � (x0, x1, x2, x3) = (1, 1, 1, 1) ð T ×�¿
� �

á ,
x0 x1 x2 x3

1 2.000000 4.666667 1.083333 1.716667

5 3.852630 3.147325 1.956955 1.062604

10 4.009345 2.990894 2.002894 0.996082

15 3.999430 3.000556 1.999823 1.000239

20 4.000035 2.999966 2.000011 0.999985

25 3.999998 3.000002 1.999999 1.000001

29 4.000000 3.000000 2.000000 1.000000

Tab.5.2 ©�ªNs�â ã&åkæ�ç6«Iw����4w��	�
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6 ²

! " # $ % &

ï&��å4: �('�) ¹+*Gå�½ V 
-,%Ï/.10&¶�·�¸G¹ , � � �/º=Ê#ï�ðJ¹J¼G½�¾À¿2,%Ï/.10&¶·�¸��4365�7$Á�Â�¶�·�¸ �98 7�: Ô `É
;: Ú Ã4< �>=	� ë1?�@BAP¹(CD�Ü*¾�¶�·�¸�: Ô¾À¿ Ö � à ² á�â���ä#Ê�
1E1F-G�H�I�JBKR
1L�Ä�Â9MGÃ�ÄON��9P Þ 5 � Â�QK:I²K(n��� V
($å�Ü�¿ T ×�gc8 V 
R,�Ï/.10À¶ ·�¸G¹ , � � �/ºÇÊTS�U�¹�V���W�³�¾�ï�ðk��
4Í4² � ÃX�Y ¹ÀºÇÊ&ÍK�4Z9[�Ã(\�]�ð/Ã�¾�ð_^G½�¾{¿
6.1 `ba cedgfih j
,%Ïk.10&¶ ·�¸	��e,¸i:Ií#ùÉ��¾À¿

∇2φ =
∂2φ

∂x2
+

∂2φ

∂y2
+

∂2φ

∂z2
= ρ (6.1)

ï�ï6:R��
�lm � ×cm%� 2
³ - � G�29��R( V ¼G½ V (ih#å�Ü ¿	e	¸G¹ , � � �/ºÇÊ#ï�ð¹J¼G½ V (LÊ5¿

∂2φ

∂x2
+

∂2φ

∂y2
= ρ (6.2)

n � n Ï ¶ ·�¸	� 2 Ù � Á$Â�¶ ·�¸ ��Ý ¹ T[V ((¾ � :�
 � î Ú Â ð5Ö%$ Ú ÂG¹k²K( V¶ ·�¸(¹ Ú Â�Û�Ü�¾À¿
∂

∂x

(

∂φ

∂x

)

'
∂

∂x

{

φ(x + ∆x, y) − φ(x, y)

∆x

}

'
1

∆x2

{

φ(x + ∆x, y) − φ(x, y) −
(

φ(x, y) − φ(x − ∆x, y)
)

}

=
1

∆x2

{

φ(x + ∆x, y) − 2φ(x, y) + φ(x − ∆x, y)

}

(6.3)

o :��I
 y ¶kp���R( V ê
∂

∂y

(

∂φ

∂y

)

'
1

∆y2

{

φ(x, y + ∆y) − 2φ(x, y) + φ(x, y − ∆y)

}

(6.4)
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ï�ï0:;l�m � ×im���x2y-z(¹ ∆ = ∆x = ∆y ðØÜa¾�ð (6.2) ¸�� (6.3), (6.4) ¸ ) `NdKe�	) \É� Ú Â�Û�Ü�¾�ï�ð�g�:ih�¾À¿
1

∆2

{

φ(x + ∆, y) + φ(x, y + ∆) − 4φ(x, y) + φ(x − ∆, y) + φ(x, y − ∆)

}

= ρ (6.5)

³ � φ(x, y) ¹ Ý ¸ � � φi,j ð�í-C T ) \ ¿�Üa¾�ð (6.5) ¸���dRei� ) \[��{�hIØ#Ü�ï�ð
g�:ih�¾À¿

1

∆2

{

φi+1,j + φi,j+1 − 4φi,j + φi−1,j + φi,j−1

}

= ρi,j (6.6)

(6.6) ¸G¹ φi,j �0�R( V º!³�ö�
4Í4² � Ã�ê%Z�¸ig���å�¾À¿
φi,j =

1

4

{

φi+1,j + φi,j+1 + φi−1,j + φi,j−1 − ρi,j

}

(6.7)

ï�ï0: (i, j) ��|�}�Û�ùW��×1~�� �����1�R� ¹kí T[V ñ=`�
9~>�R�IdKe �	) \�Ã;� ó Ð� � ) 8 V í#ùW������	���R�-��ð&'cö�R
�ï � �R�-�%H	�0/�< �B= g4C��~ùÉ�s��ï�ð�ð� �+� imx � x �/p �I� ���B��� , 
 jmx g y �/p ��� ���B�� , :���	�R~>�B�R�R�
(imx + 1) × ( jmx + 1) G � �R�R�cg4�1�R���B��6� � ���

Fig.6.1 ���������kæ�ç
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6.1.1 �?F��!A� ¢¡¤£¦¥?¯?®?ÿnþ��������
(6.6) §>¨ (i, j) �(©Rª V�Ö1« × «�¬> ���2��®-¯ �(°�± ��²R§�� �-³ V ªk��´cm4µ�¶-·¸2¹ \ � ��º �R��»B¼ �2½1¾B¨	¿ÇÊ1���g�¾ih � ª;� Ö ��¾�����¾R¨9µ1ÀR�R¾9ÁÂ�Ã�ÄsÅ» î ð4ò�ó ÐRb/Æ�ÇR²��w�R��k�������È ´Bµs�B�4¾>¨;É2ÊRËRÌ¤� T�V φi,0 = φi,jmx = 0 µ φ0,j = φimx,j = 0 � T ´��B© È
`�µ Fig.6.1

¸4ÍRÎ2Ïk¸ ��2� ( Ð2Ñ )
¸ < �k= Æ 0 ���6���%Ð2�>Ò1Ó ¸9Ô/ÕBÖ Ö�« × «

1 ∼ imx − 1, 1 ∼ jmx − 1
� ¸ ¨1µ9ÉBÊ�Ë�ÌwÆ9×-ªR´;��B� ( Ø	� ) ¾ ¸ Ë�ÌKê-Ù�Æ(ÚÜÛ

´Ý9¾B�B���
1. ½�¾�Þ
2. ÉRÊ�Ë�Ì�Æ�»�²��w����É-ÊRß ¸ �R�-� ¸ <�à = Æ 0 á������
3. Â�â�Ã%Ä ε Æ	��
-�s��´Ý ¸4ã º err á 0 ä�å
4. i
¸ Ð�BÒBÆ+æ��1� i ¨ 1 ∼ imx − 1

È ¾ 1 ç-© ã Þ-�����
1. j

¸ Ð�BÒBÆ+æ��9� j ¨ 1 ∼ jmx − 1
È ¾ 1 çR© ã ÞR�����

1. sum á φi,j Æ�ä�å-�����
2. (6.7) §

2. err á err + |sum| Æ�ä�åR�����
5. err

Ö Â�â%Ã%Ä ε
¹/è ønù4é « ö����sÆ�ê([�ëOì1��4���í�

6. îïÛ�¾ � é «>ð µ 2 á�� èòñ Ù/Æ�ó èòô ���
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6.1.2 ������/ ¢¡¤£������
� �� ¸ ËRÌ ¸�� ¾������! (�B²>§wÆ�º�"�#/á(¿%$�µ�î ¸'&2¸ �'() +*-,/. φ Æ10-23 Þ�4 ¹ ���k�>�Rº imx = jmx = 50 µ6587-9 ∆ = 0.1 µ+:�â�;-< ε = 10−8 �
� ��� È ´2µ>=1?�@A< ρ ¨ ρi,j = −1 ��������ÉkÊ2ËÌ¦¨Bµ φi,0 = φi,jmx = 0 µ
φ0,j = φimx,j = 0 ÆCB!D��s���-� �+E1F µ;ÉRÊRß ¸ �R�R� ¸HG à1I�¨ 0 �T�w���
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