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2.1 S壮0Ⅱ客f0訂Ⅱ

Essontia11y 且110f the vadous n11metical methods for solvln3
血e elastic equatioD of motion can be classi丘ed as particulat
implementati0口S of 血巳 method of weighted residuals
(MWR)(Finlayso" 1972; Fletcher 1984). W'e reP祀Sent the
displacement, n(幻, where aiis the icomponent, aTld x istbe
Spatial coordinate, as a line且r combinatjoo of N line且rly
independent vector tdal hlnctjons,{φ11)(X),...,φIN)(X)},
N

岻X)=Σ C,φ1")(χ), (1)
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Wbere the exP日nsion c0巳缶Cients c, become the 皿knowns.
Note 仙at both ui(X) and ch are functions of the an宮Ula王
heqⅡency,ω, but we do not write this dependence
explicitly For the moment we assum巳血at 血e basis is a
Complete set, which may be in6nite. The condi60ns that
must be satiS丘ed by 血e tnalfunctions,φf"),且re discussed in
the f0110wing. unle部 the representation in eq.(1)
fortuitously is an exact solUⅡon, the equation of motion and
boundary cond廿ions wi11 Πot be sati5丘ed exactly. Tbe
r船U此ing err0郡訂e ca11ed the domain resjduals and
bounda工y residuals, respectively.
TypiC且11y, the trial fⅡnctions for strong form MWR
implemen仏tions are chosen so that tbey satisfy either the
bound皐ry and conti訂Uity conditions, ot the P且rti且1・
di丘elential equation, but oot both (..3. Flotoh改 1984).10
the fotmer case the b0Ⅱnda1γ 1'esidua11S zeTO; such M訊rR
hnplement丑tionS 日te ca11ed domain methods.1n the latter
C且Se the domain Tesidualis zero; such MWR methods are

Ca11ed boundary methods. Fina11y, if the tdal functions
S且tisfy neither the di丘erenual equation nor the boundary
and conlinuity condiⅡons, both the domain and boundary
fesiduals wi11 be n0訂一zero;小e resU1廿ng MWR methods,
Which 且re caⅡed mixed methods, W辺 not be considered

f11rthet here. The woTk of Aki & LaTner (1970) iS 且n
example ofan MWR b011ndary method, and tb且t of spudich
&A5Cher(1983)isan examP1巳 ofan NIWR domainmethod.
Thc word 'wei宮hted'identi6eS 伽e key conceptin MWR.
We cho0鵠且 Set of N linearly independent vector wei3ht
会」nctions W1坑)(hl= 1,,_, N), whlch do not, in 彦ener丑1,
belong to the samo fⅡnction space as the trial f【1nctions,i.e.
缶e continuity, di丘eren廿且bility and boundaTy conditionS 日re
in general di丘erent for the tdal f叩CtionS 且nd the weight
hlnC廿ons.

We mU1ⅡPly the domaln residual(if we 且re considedng a
domain mothod) ot the boundヨty Tesidual (if we are
Considering a boundary meth0の by the wei邑btfL1ΠCtionS 且nd
iDtegrate to compute the weighted te5idU丑IS. we then set
伽e N weighted residuals to zero to obtain a set of N
SimⅡlt且ne011S linoat equatlons for the expansion coe缶Cients

村=1

Cr削 are not restri戚巳d to being teal or 丘'equency
independent; f0工 eX丑lnple, the use of a superposition of
St日nd皐fd line且r solids to model anelastic attenuation (e.g.

Liu, Andetson & Kanamori 1976) is entirely admissible.
The SⅡbscript ,j denotes spati日l diaerentiation with respect
to thej coordi11ate, and' is the i component of the applied
force.1n eq.(2) the displacement ui must be continuous,
and the tr且C廿on (C。.k1ιιk.i)πi must be continuous i力 the πノ
direction. As the displacement iS 且n arbitrary 5Uperposition
Of the trial functions, each of the i丑dividual t五al fuTlcti0口S
must satiS6, these continuity conditions. E且Ch individual
tdal f11nction must also S且tisfy 血e boundary condition5, e.g.
hee ot Ti8id boundary condidons. The weight functi0Π5,
W(m) are not leqⅡirod to satisfy any di丘巳rentiability,
Condnuity, or bound且ty conditions; even δ funcuons are
acceptable.研le use tho same number of woi8ht ful】cti0那
ヨnd tdal functions, so th日t 小e system of li工leaT equations,
eq.(2), wi11 have a unique soludoo. For the π10ment we
Considet on1γ media wilh hom03eneous boundary condi"
廿ons.1nhomogeneous boundaτγ Conditions (ptescdbed
t工actions or displacements)且re discussed later.

④

2.2 We日kform

We now dC11πe a new opetator,the weak form otthe elastic
equatjon of motion:
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=-jyfm1ι. dv,(肌= 1,..., N). (3)

To e訂Iphaslze th且t we h且Ve not yet est且blished any
Connection between the W巳丑k・foTm operat0工, eq.(3),且nd
仙巳 Stt0打g・form operator, eq.(2), designate theWe

disP1皐Cement by uirather th且n ", and tho weight fιlncdons
by y(m) rather th且n w(m). The number of trial funC60ns is
equalto the number of we培址員lnctions.
The τ巳quiTe血巳nt fot the e幻Stence of the 面Wgrals in eq.
B)is that both the s01Ⅱtion ui日nd 血e weight functi0猫 yf用)
must be continu0115, but no con廿nⅡity requitements are
P1且Ced on the dedV丑tives of these fⅡnctions. we 巳χPa口d ui
'n tems of N linea工ly 加dependent vector 廿ial fU刀Ctions,
fψfl)(叉),...,ψIN)(X)]. At this point in our discussion 訊1巳
aS5Ⅱme thaT the trial functions and weight fⅡnctionS 且{e
b0小 Complete sets, which m且y be in6nite.
We represe口t the solutio" ui aS 且 lineaT combination of
the trial fⅡncti0郎

FOT 且 domain method, the stronΞ fotm of MWR for 伽e
e1且Stic equation of motion in C且丘esian cootdinates iD the
丘equency domain is

IW(所)1ρω'叫十(C駄池*.')J +11・1dv= 0
(m = 1,..., N), (2)

Where ρ is the density, and c"kl= C"kl= C六ιリ are the 21
independe址巳lastic const且nts. Note 血丑t 血e elastic moduli

叫X)=Σ d,ψ1『χ),

Where the expansion coe音idents d, are the unknowns, and
ψf")i5 the icomponent ofth巳π伽 tdalfunction.
BecaⅡSe, in general,血e equNalence of the stron名 and
Weak soluti0那 of pattial・di丘巳rential equations is a
WeⅡ・known tesult (e,g. strang & FiX 1973, PP.10-13;
Jobns0Π 1987, PP 1418; Dautray & LionS 1988, ch.フ) the
f0110wing discU誌ion is a bdef demonsttauon rathcf th肌 a
"gorous proof. To establish the relation between the
We且k・torm opeTator de6ned in eq,(3) and the strong、f01'm
Operator de6ned in eq.(2) we integrate eq.(3) by parts to

N

町=1
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Obtain

jy1刎)1ρω'υ,十(C以'"',,),i+用 dv

一ιンfm)[(C湫'υ",'),りlds =0 ("1= 1,
Wher巳 11.is the 0Ⅱtward unit normal vector.

As the weight functions ),1版) are 且 Complete Set, theit
CoemcieⅡts in eq.(5)-the torms in the sqU且re

be zero eveTywhere to guarantee that thebrackets-must

Of eq.(5) is zero. The coe伍Ci巳訂t ofyfm) intight・hand side
the volume inte3tal must therefoTe be zeTo eveτγWhere in
the domai訂

1ρωυi+(Cσk1υk.1)J +j;1= 0. (句

As this coemcicnt is in fact the stron8 form of the elastic
equation of motion, we thus see thatthe S廿ong form of the
equation of motion is satis"ed evefywhere in the domain.
111e preceding discussiorl assumed th且t the W己ak・form
Solutions were sU缶Ciently diaerenti且ble to a110w the
inte套ration by parts necessary to obtain eq.(5) from eq.(3).
If, on the other h且nd, the t"且l h1ΠCtio"s do not satis" the
Conditjon of continuity of tr且Ction, it mi且ht appe訂 th丑t the
integration by parts caΠΠot be perf0王lned. Howevet, as was
Pointed out by sttang & Fix (1973, P.11), t貞al functioos
Whose tractions are not necessariw continuous (巳呂.1ineat
Splines) C日n be obtained 郎血e limit of a sequence of
C0口tinuous functions whose ttactions are c0口tinuous. Thus

eveo when the integr且廿0口 by parts required to obt且in eq.
(5) cannot be d名ot0ⅡSly pedomled, we Cヨn neverthe1巳SS
re8ard 血i5 reSⅡlt as the limit of 血e teSⅡlt obtained for a
Seq11ence of admissible 兪lncti0那. ThiS 1Πterpretation 且Pplies
equa11y to other eX日mples of integr丑tion by parts later in this
Section, but M11 not be repeated expliciuy,

., N),
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boundary condition of 血巳 form

(8)(C"R'Tlk,i)πj- S"1「j= 0」(i= 1,2,3)

Where si. are constaηtS 仙at can ν且ry wi小 Position alon宮 the
boundaty and with ftequeTlcy,1S a natural bounda1γ
Condi廿on. we give examples in Appendix B of how to
Obtain the coemcients Sσ So that eq.(8) wj11 Correspond to a
r且diation b011nd日ry conditlon. we noW 丑dd a surface
inte且ralto eq.(3) to de命ne a wC且k・{orm oporator for which
the 口atural boU訂dary c0訂dition is eq.(8), rathet tha口 eq.
(フ);

(5)
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23 N且加虻ヨ1 如d e郎eⅡ住訊l hom0雪ene011S b0Ⅱnda1丁
Conditions

Using the 5ame 3rgumentS 丑Pplied in the precedin3 Section
t0 血e volume integralin eq.(5), we can see 山at as the
Weight f住nctions y(m)且口d the t"al functi0那ψ(h)ヨre
Complete sets, the integrand ot the surface integr且lin eq.(5)
must be zero everywheTe on the boundary. This mea訂S that
a hee sulface boundaTy condition

【(C卿υ*,')hjl= 0 (フ)

is satiS6ed autom肌jca11y everywhere on the boundaTy,
Mthout its h且νi口3 to be imposed explicitly on 伽e tri且1

加口Cti0船(stran8 & FiX 1973, P.12),
The hee boundary conditi01】, eq.(フ), iS 日n eX且「"ple of 且
D且tufa】 boU11dary condition, i.e.且 boundary condition 血at
W辺 automatica11y be S且tiS6ed by 小e we且k-fotm solutioo
re含ardless of whethe工 or 口ot it is expliC北ly S且tisned by each
Of the individual tdal f11nctions.1n con廿且St, a 6Xed
bound丑ry condition is an e5Sential bound且ry cond北ion,i.e. a
boundary condition that wi11 not be satiS6ed by the
Weak・form solution unless it is explicitly satiS6ed by a110f
the tdal functlons and 日】10f the weight tunctions on the part
Of the boundary where 小e displaceme址 is reqⅡited to be
eqU日lto zero (e.g. cour五Πt 1943).

For the elastic equation of moti011 4πy homogeDe0ⅡS

=-1y1所洗.dv (机= 1,..., N).
To demonstf且te th日t the n日tnral bound且ry condition for eq.
(9) i5 巳g.(8), we inte8rate by parts, obtaiれing

1ヅ}加)【ρω'",十(C"訓υ..,),ノ十用 dv

一ιylm)((C赤'υ'.')hj- S""j]
(1の

As y1柳) iS 雛bitrary, the natural boundary conditjon eq.(8)
WiⅡ automatiC且Ⅱy be satiS6ed by 仙e weak-form 50lutions
Obta1Π巳d from eq.四) unless a110f 仙巳 ttial functi0桃 Satisfy
a 丑Xed b0口ndary Φndition.
It is SⅡrp"sing 小at weak、f0姉 Operators of 加e form of
eq.(9) havo not previously been used 如 Solve the ela5tic
equation ofmotion for media with general natural bound日ty
Conditions of the form eq.(8), as such augmented weak、
form operat0玲 have boen widely used in other 五elds. For
0那mplo, FⅨ& Madn (1978) 0"d Goldstine (1982) d06ned
Similar aU宮mented weak・folm operatots for the HelmhoHZ
equatiorl (i.e. acouSιic wave equation). AISO, adding
Surface integrals to the weak-fortn opeτ且tor to impose
inhomogeneoU5 boundary c0訂ditions (e,8. prescdbed
tractions) is extensively dlscussed i" engjnee"ng (e.g. str且ng
& FiX 1973. PP.70-71; Johnson 1987, PP.40-4D. Fina11γ,
note th且t courant'S C1且Ssic (1943) paper presented an
example i口 Which the n且tural bouDd訂y cond北ion W且S
Varied by adding a boundary integral to a wcak・form
Operator,

(揃= 1,ds=0

(9)

2.4 Na加ra1 抑d esse訂駈ヨ1C0ⅡnnⅡi島, conditions

ContinⅡity of displacement is an essential continⅡity
Condidon, i.e. a conti訂Uity condition 血at must be explicitly
SatiS丘ed by the weak、form s01Ⅱtions. This condition must

therefore be satiS6ed by e且Ch o「 the tria1 色」11Ctions.1n

Contta5t, continuity of ttacuon is a Datural continU武y
Conditi0↑1, i.e. a c0訂tinuity condition which is automヨtiCき1{y
SatiS6ed by the 、ve且k・fotm soluti0帖 Without its h且νinΞ to be
explicitly S且tiS6ed by e3Ch of tbe t亘al functi0郡(str且口g &
FiX 1973, P,14),Ⅵ'e ved力 this U5in8, for simpliciw, the
Weak・form operator de6ned in eq.(3) rather 血a口血e
Weak・form oper且tor de6Πed in eq.四); howeYer,'the
f0110Mn宮 argument 皐Pplies eqU且11y to either case.
As above, we integrate eq.0) by paTts. However, this
tilne we divide 血e volume 伽t0 加O palts which are

, N).
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SeP且tated by an mternalsurface sl. we obtain
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1"m)1ρω'υ'十(C泌'υ'.,).j+幻 dv

一ιγlm)((Cり蹴"*.')πj] ds

- 1 y}剛)((C州υk,1)+ー(Cり創υ'、0-]πlds =0,
(坑= 1,..., N), UI)

WheTe 11.15 the outW日rd unit n0伽al vector to t11e outer
,1.

is the unit notmalto the (atbitt丑nly chosen)Surf且Ce and

'uppeT' SⅡrface of sl, and (Cリk1υk.i)+ and (Cりk1υk,i)一且re
evaluated on the 'upper' and '10wer' surfaces, respectively.
N0加 that the 5Um of the separate tw0 ν0IU1口e integr日Is i
Sh0隅,n as jy m eq.(11).
Considerin80nly the int巳呂ral on sl, we 6nd 血at, as the
Wei苫ht fⅡncti0鵬 y(柳)且re arbi訂ary, the f0110wln宮 natutal
ContinU武y condiaon (i、e. continuity of tr且Ction) wi11
aut0肌atlca11γ be satiS6ed by the we日k・form solutions at
every point on sl

[(cok1υk.i)+ー(C駄1υk.i)ー]π1 = 0. (12)

Howevot, as the location of slis arbitrary, C0口tinuity of
tracti0τI wi11 丑UtomatiC且11y be satiS6ed by 山e weak-fotm
Solutions oveTywheTe in the medium. The fact 仙at itiS 口ot

necessary for the tTial hlnctions explicit1γ to satisfy
Continuity oftraction is an impoltant adva口tage of the weak
form, partiCⅡ1日rly for latera11γ hetefogene011S media.
Some preⅥOus workers (e.g. wiΞgi口S 1976; Buland &
Gilbett 1984) used the weak form to comPⅡte the normal
modes of lateraⅡy homogeneous medi且, but 山ed cubic
SP{ineS 舶 trial and weigbt functi0Π5 So that c0口tinuity of
traction could be expliC丘】y 訟tis"ed. Note, h0闇,cver, that
the extr日 e貸ort required to explicit1γ foTce the traction to be
C0訂tinu0ⅡS was unnecessary. AISO, this appr0丑Ch cannot be
easily gencralized to lateta11y h己t己τogeneous medi日, for
Whicb the e丑0丘 required to explicitly force the h且Ction to
be continuouS 隔,ould be much greater,

Φndition5 is

"Υ""叫邸一1,f"0,ル,,鄭゛1-".・"'心

=-1"所リ1dv 一ι yfm)τ'ds 一ι yf7)C。・klDkπ,dsV ST SO

(肌= 1,

Equation (15) is essenua11y the weak・form version of the
representatioD theorem.
To con丘rm that 血e soludon of eq.(15) S日tiS丘es the
boundary condiuons on s。日nd s' we integrate by par船 as
f0110WS

, N).

1"m)[ρω'υ,十(C獄'υ'、,)J 十幻 dv

2.5 rn互om0客e韮e0Ⅱ5 h0Ⅱndar丁 Condinons

We now consider casesin wbich the せ日Ction or displaccment
On a110r P且lt of the outer boundary is required to be eqU丑1
to a pre5Cdbed value. we obtain 伽e corresponding
Weak・form opetator by adding approptiate boundary
integrals to the weak・form operator eq.(9). we consider a
medium with 且 homogeneous boundary cond1Ⅱon of the
form eq、(8) imposed on a poTtion of 山e outor bound町y,
S山 an lnhomogeneous tr日Ction boundary condition of the
form

I y}m)1(C卵"*,,)"j- S。υノ] ds

ι y}m)kc。・訂υ*.,)πj一司 ds

ι y1所)(CU創υ",^)πjds

+ι yf了)cukιDkπノ ds =0 (1π= 1,

a7)

As yf了)C以ノ11is aTbitraly, we 5ee that (υん一Dk) must be
everywhere on so. Thus we see that the in-Zero

homogeneous boundaty conditions eqs U3) and (14) are
na加r且l bound且ry condi廿ons of the 且U菖mented operatot in
Oq.(15).
We now consider a dislocation. Suppose s+ is the upper
S口rface ofthe fault, SΞ is th巳 10wer sud且Ce ofthe fault,且nd
△i=υ才一υ「 is the pTOSCTibed dislocadon. we a5Sume, for
Simplicluy,血at there is no surface witb a prescnbed
traCⅡon, so that thc sU工face inte81al over s. can be dropped

U5)

(C"k'Tlk.1)πi一τ'= 0,(i= 1,2,3)

imposed on 丑 Portion of the outer boundary, S',
加homoge口eous displacement boundary condition
form

υ'- D'=0,(i= 1,2,3) (14)

imposed on 血e remaining portion of the outer sudace s .
The weak-form operator th且t satiS丘es the above bound且ry

As yf'")iS 且rbitrary,仙e natural boundary condition eq、(8)
Wi11 且Ⅱtomatica11y be SヨtiS丘ed on s。 by the weヨk.form
Soluti0那 obt且i口ed from eq.(15). simila11y, we can see that
血e inhomogeneous b0Ⅱndary c0訂di廿on eq.(13) wiⅡ be

且Ⅱtomatica11y satiS6ed on Sや and 血at the. equa廿on of
motion MⅡ be sausned everywheTe in v. To con丘lm that

the solution of eq.05) 5atisnes eq.(14) OD SD, we lntegrate
.q.(15) by P釘船郎 f0110WS.

1υιρω2y1川+(C赤,y幻))J14V+1y"ケ1dv

・j ・"'・.,,1ツ・・'、 1 "".・・"、心晶〕 S)

, N).

1"'0^'バヅ"・心一1 ""、心

ι y}了〕C卿",(υ*- D央) ds= 0,
(机= 1,..., N).

(16)

(13)

and an

Of the



丘om eq.(15), which then becomes
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=-1γ}所ケ1dv+ι y1丁)C如△kπ,dsV SD.

(18)N).(肌= 1, ...,

j,γ(mケ1dv = j.。.y1了)C"討△*殉 dsThe force,., for which

be 血e eq口ivalent 60'y foTce. jl canf0τ且Ⅱ y{m〕is de介ned to
be obtalned hom the ti且ht・h丑Πd 5ide of eq.(18) essentla11y
by inspection

(2D

form of th巳 6rst・orde工

以幻=一ι 1δ住一叫D]JC卿(美゛△*(乳゛",(×0)ds(&,), (19)

WheTe we ⅡSe 乳lto denote tbe positioo on the sU寸日Ce s。゛.
The equiV且lent body fotce and the dislocation ate
equivalont in the f0110win8 Sonse.研re consider two soparate
Solutions of eq, U8).1n the 丘rst case, we drop the 6tst term
the right・hand side of eq.(18)(i.巳. the only0n

inhom0且ene0ⅡS term is due to the dislocation), and in the
Second case we drop the secoTld teTm on the right・hand side
Of oq.(18) a"d use 伽e ⅦIue of五 31Voo by oq.(19) m tho
mst term of eq. a8)(i.e. the only inhomogeneous t巳如 is
due to the equivalent body fotce), As the d8ht・hand side of
eq, U8) is equal for these No cases,仙e solutions of eq.
(18)(and thu$ the syn伽etic seism08rams every肌,here in the
medium) afe equal for the two cases. Note that the dassic
Paper by B0訂idEe & Knop0任(1964) P'0"ed the equiⅦlence
Of the body foTce de6Πed by eq.(19) and 血e c0打巳Sponding
dislocation usin且 the strong fotm ot tho olastio equation o
motio". A5 is weⅡ known, eq.(19) can be U鵠d to show the
equivalence of a 5hear dislocation and a superp05itioo of
double couples for an isotfoplc medium.
As inhomogeneous displaCεment or tr且Ction boundary
Cond霊ions can always be replaced by the corresponding
equivale爪 body forces, we wiⅡ not include the last two
terms on 仙e right・ha訂d side of eq. U5) in 血e results
Presented in tbe f0ⅡOMn宮 Sections. However, if desiTed,
these addjtionヨ1inhomogeneous terms can be included in a
Straighぜ0則且rd manneT.

C01πPιιtati0π ojsyπthe"c se詔"10gra"1S with the DSハ4

Syn血etic seismogr且m in tetms of the tda1 兪lnctions
N

δυ,(X)=Σδ4,ψ(")(幻.

(22)

BOTn

We obtain 由e weak form ofthe elastic equation of motion
for 血巳 Pedurbed medium from eq.(9),[For simpHci", we
PeTturb eq.(9) r日ther 血an eq,(15), b口t 血e f0110wing
dedV且tion could equa11y we11 be applied 如 the la壮er.]

3 F工UID MEDIA

Media containing both nuid ヨnd solid Tegions h日Ve posed
Pfoblems for previous workcrs using weak-f0工m methods.
For example, wiggi那(1976)廿eated the auid parts of the
medium usin且 the same formulation as for a solid, but
Setting th巳τigldity μ=0. This led to the existence of
n0Π・physical mode5 0f vibration due to the 0村玲neous

dogNes of 丘'eedom. Buland & Gilb巳π(1984, P.110 "sed

"=1

ω1γ}m)(ρ十δρ)(υ'+δυ') dv

-1y11')(C。・kl+δCυ献)(υ",'十δυ',') dv

十ιyf加)Sり(uj+δυj) ds

-1y1加ケ1dv (m = 1,..., N)'
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Note that the unknowns in eq.(2D are the expansion
C0巳缶CientS δdh jn eq.(2の. usin名 eq,四) and retainin80nly
"rst・order terms, eq.(ZI) becomes

2.6 P町廿aldetlYatiΨes

To inveTt 闇,aveform da仏 for earth structure 北 is necessary
to be able to compute the par廿al derivatives of the synthetic
Seismograms M仙τespect to chan8es in 仙e model
PaTameters, To do this we use the 丑rst-order BOTn

approximatjon (e.g. Ge11el elal.1990a; 1990b; Hara, Tsuboi
& Ge11er 199D. Note that 、ve 且re not restricted to tteating
the latera11y heterogeneous pa村 of the model a5 an
'in6nitesim且1' pertⅡrbation to a lateraⅡy homogeneous
model, aS 仙e f0110wing results a110唱, us to compute 血e
Padtalderivatives for ヨ 1atera11γ heterogeneous perturb且tion
to a 1且teta11y heterogeneous i訂iti且l model.
We mak0 且 Perturbation δCル1to tho e1且S6C modU11 and a
Pe虻Urbati0Πδρ to the density. we assume that the
Coe伍Cients prescTibin彦仙e natural b0ⅡΠdaTy condition, S .,
remain Ⅱnch且n宮巳d.柄'e expand the perturbation to the

(2の

・、ル"0'ψ一1"北,、血、,'W

十 lylm)si・δυlds

*ー"力1"0ルW,1"アκ一,四
(肌= 1,..., N).

Eq.(22) is the weak
approximad0Π.

2.7 Fin簸eappr0虹mation

The preceding discuS5ion assumed that the tnal and weight
丘lncti0那 Were complete sets, but a11 Calculad0那 WiⅡ be
Iimited t0 丘Πite bases, which, in general, wi11 Πot be
Complew sets. The accUτ且Cy 且nd convergence of S11Ch 6nite
appToximations are disCⅡSsed in detail by stra口g & Fix
(1973). Their mostimportant result ls Theorem 2.2 (P.124),
Which states th址 in the limit aS 仙e b部is becomes in負Πite,
and thereby complete, if eveTy element of the stron8、form
ft1ΠCtion 叩ace C且Π be represented 丑S a superposition of 仙e
We且k・form tdal fUヨCtions, a訂d if the system of linear
eqoati0鵬(eq.3, oq.9, or eq.15) iS 鈍obly i糾e世ible, tbe訂
the weak・form solution M11 Converge to the str0Π8.f0如
$olution, The factors contr0ⅡinΞ the rate of convergence are
disoossed by stran8 & F章(1973)丑nd Johnson (1987).
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the S且me basic approach as 、¥ig舮11S, but set ヤ XU = o as an
additional conS翻aint on 血e displaceTne址. This approach
W且S apparently not colnpletely successfulin supP工essing
eX訂aneous modes.

In contrast to most preⅥOus work, we use (a quantity
Proportional to) the Pキessure chan言e as the dependent
Vatiable in 血e 侭Uid regi0那, and dlsplaceme口t 且S the
depende址 Vatiable in the solid region5. Arbitraty numbers
Of both 且Uid aれd solid re即ons ar巳且110wed, and their

geometry can also be arbitr丑「y. The continuity conditi011S at
enforced by adding伽e nⅡid-solid boundaries arc

appropdate S11dace hlte邑rals to the weak-f0如 Opetat0謡
forthe respeC廿Ve te宮ions, Note that wu & Rochester(199の
Used a somewhat similar 且Pproach in their study of core
Osci11ations.

In 血e Tem且indeT ofthis pape丁 We do not make an explicit
distinction between 廿le notatlon for the stlong and weak
forms. we use w to donote the weight hnctions, u to d巳Πote
the displacement,φ to deTlote 仙e tdal fⅡnctions, and ch to
denote the expansion coe折Cients of the tria1 員lnctions. The
teader is asked to keep in mlnd, however, th且t the W巳且k.
and strong・foTm wei宮ht and tdal hlrlctions belong to
di丘巳rent 負lncti0わ SpaNS. we wi11 Conti訂Ue to prove 仙e
eqⅡivalenco of the weak and str0口g foTms throU宴h the by
now fヨmⅡiar proceduN of integrating the weak fotm by
P且ホ.

We be8in by considedng the C且Se of 且n i50tropic auid
medium. For an isotTopic auid,in which the e1且Stic moduli

are eqⅡalto cr剣=λ4戸kl, the str0口g form of 血e equa廿on
Of motion, eq、(2) reduces to

R. J. Ge11er α11d r. ohnliπ410

We h且νe now obt日ined a scalaT eqⅡ且tion of motion. we
express eq.(28)in M柄IR form,那

b向{〒・[・"・..1.'}W・0
(29)N^

,」,

Where w(剛) is now a scalar 、velght o.1ncti0Π. Note that eq.
(29) is oquivalentto eq.(の of steph叩 U988) wh即'= 0.
We reptesent the s01Ⅱtion of eq.(29),Ω, as a linear
Combi訂且tion of N linearly independent scalat t亘al fⅡ丑Ctions,
[φU)(幻,,..,φ(N)(X)】,
N

Ω住)=Σ C,φ(")(X)、 (3の

IW1脚)1ρω'"'+(λN'."),'十m dv = 0 (抗= 1,...,Ⅳ).(23)
As the weight fuDCⅡon wl'")is arbitrary,血e term in square
brackets in eq.(23) must be zero. we solve for ui:

(λU六,k)"・+'
ιιi

We SⅡbstitute eq.(24)伽to the definせion of 血e isotropic
Component of the stress tensor (i.e. the ne8日tive of 仙e
Pressure change) to ob仇in

Where the expan5ion coemcle"ts C町 are the unknowns j口 eq.
(29). At this point in our discussion 訊,e asS11me that the trial
fιlnctionS 丑nd weight functi0訂S are both complete 託ts,
Which may be in丘nite.
The continui切r conditions that must be S雄iS丑ed by Ω are
Continuity of Ω itself, a口d, in a source・free tegion,
Conti訂Uity of Ω、ιπ'in the hl direction. These cond社ions must
be satiS6ed by each of the trial fⅡΠCtionS φ(h)(X) used in eq.
(3の.
We now de6ne a weak・form operatoT which is equivalent
to eq.(29)

(32)

罪一1

ー"、..[e、塗ι'1.,.一ρω.1

Note that disP1日Cement appeaTs in eq.(25) only in 価e form
λιιk,". wo now de6Π巳日Πew scalar variable

P λιιk,k
Ω一ー^

上四塑,

We combine eqs (24) and (2の to obtain an expression for
血e disP1且Cement when'=0

.ι

(27)ιι一

ρω

^e wi11 ⅡSe eq.(27) 1n the f0ⅡOwiDg when we consider the
Case of a aⅡjd-solid boundary.
We SⅡbst託Ⅱte eq.(26) into eq.(25) to obtain, after a
Cenain am0Ⅱnt of血anipulation,

ω

Ⅱ血や竺

juJ'

ω

(3D

In the same way o. wo ob始mod oq.(11) hom eq.(3), we
Can, by integr且tin8 eq.(3D by P且rt5,5how that 仙e
Contlnuity of Ω,iπi (which is eq11ivalent to the contlnuity of
the i component of di5Placement in the i direction) is a
natur丑I contiDuity condition whicb W辺 be automatica11y
SatiS丘ed by the we且k・fortn solutions with0Ⅱtits h且Ving to be
explicitly satiS6ed by the 伽alfunctions. on 伽e 0伽er hand,
me continuity of Ω(which is equivalentt0 伽e con廿nuity of
the pressure change) is an essential continuity coDdition,
Which must be satiS丘ed by each of 血e tria1 丘lnctioos in eq.
(3の. The essen6日l and n且t唖且I continⅡlty cond託10ns fot 且
且Uid medium aTe 伽US 血e opposite of those for 且 Solid
medlum, for which continuity of displacement is an essenti且1
Continuity condi廿on and continⅡity of traC廿on is a natural
Continuity condition.
To demonstTate the equivaleDce of the stron宴 and weak
forms we inte3rate eq.(31) by P且rts to ob仇in

S ρ

The volume integtali口 eq.(32) is equivalent to the strong
form, eq.(2の. From the sU寸且Ce integTalin eq.(32) we 記e
that the natural boundary conditlon satiS丘ed by eq.(31) at
a force・free boundaτγ iS Ω.ini= 0. Eq.(24) shows thatthis is
equiV且lent to uiπ'=o in a 50Ⅱfce-free re毎0Π. However,
When we consider geophysical problems in media witb a
nⅡid re即on at the outer b0Ⅱ口daty we U釦丑11y wiⅡ W且nt to
h且Ve 且 tracti0Π一fre巳 5UHace,Ω=0. Note that this is an

e5Senti丑l boundary condiuon tor eq.(31).

(m)(Ω.i+'ノω)"'

"ル・'W"]卯.0

(24)

(閉)

ds=0 (机= 1,..., N).

四イg'塾]、0.

(25)

(机= 1,

(26)

, N).
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3.1 "uid-S0輩dmediⅡ皿

We now de金Πe a weak-foTm operator for which the
Contjnuity conditi0那 at a auld-solid boundary aTe 訂atural
Continui智 Conditions. For simplicity, the f0ⅡOwjng
dlscussion assumes thatthere is no apPⅡed body force atthe
auid-solid boundary (i.e.五=の. The continuity of norm且1
displacement teqⅡires

Where Ω and ρ are evalU丑ted on the auid side, uii5 thc
displacelnent on the solid 5ide, and π(F) and n(S) aTe the
OutW町d unit norm且I vectors t0 血e nuid and solid media,

respectively. Note that π【F)=一凡(S). Also note th紕 there
are no restridi0口S on 血e 名eometry of 伽e 且Uid-solid
boundary.
The continuity of tTaCⅡon Tequites

ωΩπ}S)- ci.走Iuk.1π}S)= 0, (34)

Where ci.k1 丑re the elastic moduli at the outer boU訂dary of
the solid medium, and other quaTltities are the S且me 且S in
eq.(33), Note that eq,(34) implies th且t the tangenti且1
tractions at 血e nuid-solid boU訂dary are zero.
We obtain a weak・form operator th丑t sati5"es the
nuid-solid boundary conditions eqs (33) and (34) by 且dding
且PpropTiate sutface integTals to the weak-form operatoTs eqs
(3) a"d (3D

C01πPutati0π ofsy11theh'c se留1π08ranιS with the DSハず

ι',・'・{芋・[.L.・1,,}加

-1 ""1g'、一伽,""1心・0Sιトエ1 ρ

(肌=NS + 1,.ー, NS +NF).

These results can be generali2ed to a medium W此h an
arbitrary number of 且Uid-solid boundaries in a straighぜot・
Ward manner. we do not give the explidt form of the
We且k.form operator for the partial dedV且tives, which is
Ob仏ined f0110wing the same 言eneral approach as for the
Solid medium.

The above di5Cussion assumed that 血e ttial and wei合ht
血nctions wete cornplete sets, but a11 Calculations wi11 be
Iim託ed t0 6nite b且Ses. The discussion of thls point ln
Section 2.7 also applies to the case of auid-S01誠 media.

"ゾ"1"叫W-1 ・f"0・"'"、,'Wν(SJ V【SI

+ιωWlm)ΩπIS)心=-1 W少ツ1dv

(33)

ι',1.Ξ、,咽四'士四1四

(m 1,

1 ωW(削)UιhfF)ds=0SιFSJ

, NS)

(抗=NS+1,..,,NS+NF),

Where v(S) and v【F) are the solid and 且Ujd v01Ⅱme5,
respectively, S(SF) is the poTtion of 血e outer b0Ⅱndary of
the solid medium ヨt 血e solid一旦Uid lRterface, and s(FS〕is the
P0詑ion of the outer boundary of the 且Uid ln己dium at the
Solid-nⅡid intelface. NS ヨΠd NFate the 口Umber oftdal a11d

Weight れlncti01】s in the solid and auid media, respectively.
Ihe limits of summation in the tespective tdal function
Oxpansions mU5t be apptopriately modi丘ed. Note th且t the
Coupling between the solid and 丘Uid media is accounted f0τ
e"tire【y by the two surface i口tegTals in eq.(35).
To demonstrate that eq.(35) S日tiS6eS 血o boundary
Conditi0伽 eqs (33)日tld (34), we integtate by pat蛤 to obtain

4 DIRECIS0工UTION ME1ΠOD

^e hencefoTth use the same 6nite set of fⅡncuons as both

tdal fⅡnctions and wei且ht functions: W}加)=(φ1所))* for a
Solid, and w('")=(φ(m))* for a auid. using the complex
ConjU8ates of 血e tri且l fⅡnctions, rather th且n t11e trial
f【1口Cti0Π5 1hemselves, as the weight functi0訂S enhances
Computational emciency by minimizing the b丑ndwidth ofthe
Iinear equations (see Appendix A). The system of linear
equatio"s obt日lned using 血船e wei宮ht and tda1 会1ΠCti0Π5 is
C且11ed 血e Galerkin weak fotm of MWR.

We sub5titute the td日1 長lnction exP即Sion, eq.(4), into
eq.(9) to obtain 仙e Galerkin weak form of the elastic
eQuation of motion for a solid mediⅡm with arbitr訂y
natural bound且ry conditions

(ωユT-H十H)C=一島 (37)

WheTe 下 isthe mass (kinetic energy) matrix, H is the sti狂ness
(potential ener言y) tnatlix,言 is the force vect0ミ, and R is the
matdx operator corresponding to the natural boundary
Condiuon, eq.(8).
The DSM (Ge11er eι al.1990o obtains the solution of the
Weak form of 血e equation of motion by direct1γ S01νing the
Galerkin weak for1Π ofthe eqⅡation ofmotioD, eq.(37), for
a mcdiunl with a hee sudace natural boundaTy condition
(i.e. R=の.1n this P且Per we extend 小e DSM to media with
arbltrary natural boundary conditioDS, for which,in general,
R卓0. we obtaiD the s01Ⅱtion of the weak form of 血e

equation of motion by dlrectly solving eq.(3刀.1n contT且St,
且lmost aⅡ PTevi0ⅡS work ⅡSin言 the weak form computed
5ynthetic selsm0宴ram5 by modal superposiuon. we discuss
the re1且tion of the DSM to lhe moda1 丑Pproach in the
f0ⅡOwi口g.
The explicit f01'm of the mattix elements and vector
elements is as f0110WS

フ》,,=1(φlm小ρφ1川dv (38)
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(S〒ずノ

I W1所)[Pω'μ'十(C卿"k.1).ノ十幻 dv

ι W戸)〔(C赤'U*.,)hj釘一ωΩ'S)]ds=0
(肌=1,...,NS)

t、".＼'

(35)

(39)

(如)

H川=1(φ舮小C以沖tldv

R加=ι(φ}m小Sリφj")4S
宮m =1(φ1抗))、' dv(36) (41)

=
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.
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ρ
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