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Abstract

The aim is to obtain coincidences and fixed points of six maps satisfying property
(E.A) and integral type contractive condition using implicit relation due to their
unifying power besides admitting new contraction condition.
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1. Introduction

Metrical common fixed point theorems generally require commutativity or its
weaker form, some kind of continuity of one or more map, completeness and
suitable containment of ranges of the involved maps besides an appropriate
contraction condition to guarantee the existence of common fixed point.
Researches in this domain are aimed at weakening one or more of these conditions.
Weak commutativity of a pair of maps was introduced by Sessa [18] in fixed point
considerations. There after number of generalizations of this notion have been

obtained. Later on, Jungck [11] enlarged the class of noncommuting maps by
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compatible maps which asserts that a pair of selfmaps S and T of a metric space is
compatible if lim,_,..d(STx,, TSx,) = 0 whenever {x,} is a sequence in X such that
lim,_,., Sx, = lim,_,,Tx, =t for some t € X. However the study of common fixed
point of noncompatible maps is also equally interesting. The best example of
noncompatible maps is found among pair of maps which are discontinuous at their
common fixed point. Selfmaps S and T will be noncompatible if there exists a
sequence {X,} such that lim,_,, Sx, = lim,_,,, Tx, =t forsome t in X but

lim . d(STx,, TSx,) is either non zero or non existent. Also the concept of
compatible maps was further improved by Jungck and Rhoades [13] with the
notion of weakly compatible maps which merely commute at coincidence points.
Selfmaps S and T of a metric space (X, d) are weakly compatible if STx = TSx
whenever Sx = Tx for x € X. However Singh [19] and Singh & Pant [21] used this
concept without giving any name while establishing common fixed point theorem
for maps on noncompatible spaces. For a brief development of weaker forms of
commuting maps one may refer to Singh and Tomar [20].

In recent years, several common fixed point theorems for contractive type maps
have been established by several authors (see, for instance, Jachymiski [10],
Jungck et al. [12], Pant [14], Singh [19], Singh and Tomar [20], Tomar and Singh
[22]). Using the concept of reciprocal continuity which is a weaker form of
continuity of maps (see Pant [14], Popa ([16], [17]) some fixed point theorems
satisfying certain implicit relations are proved. Hicks and Rhoades [7] established
some common fixed point theorems in symmetric spaces using the fact that some
of the properties of metric are not required in the proofs of certain metric theorems.
In 2002 A. Branciari [5] introduced the notion of contractions of integral type and
proved fixed point theorem for this class. Recently Aliouche et al. [3] established a

common fixed point theorem for a pair of reciprocally continuous maps satisfying



an implicit relation for integral type contractive condition. Pathak et al. [15]
obtained a general common fixed point theorem of integral type for two pairs of
weakly compatible maps satisfying integral type implicit relations in symmetric
spaces by using the notion of a pair of maps satisfying property (E.A). Recall that a
symmetric on a set X is a nonnegative real valued function d on X x X such that
forallx, y X,

() dxy)=0ifandonlyifx=y,

(i) dix, y)=d(y, x).

A set X together with a symmetric d is called symmetric space.

If d is symmetric on a set X, then for xeX and £ > 0, we write B(x, ) = {yeX:
d(x, ¥) < e}. A topology t(d) on X is given by U € t(d) if and only if for each x €
X, B(X, €) < U for some € > 0. A symmetric d is a semi-metric if for each x € X

and for each e > 0, B(X, €), is a neighbourhood of x in the topology t(d).

A symmetric (respectively semi-metric) space (X, d) is a topological space whose

topology 1(d) on X is induced by symmetric (respectively, semi-metric) d.

The difference of a symmetric and a metric comes from the triangle
inequality. Actually a symmetric space need not be Hausdorff. Note that
lim,_..d(X,, X) = 0if and only if X,— x in the topology t(d).

The distinction between symmetric and a semi-metric is evident as one can easily

construct a symmetric d such that S(x, €) need not be neighbourhood of x in t (d).

Recall, a subset S of a symmetric space (X, d) is said to be d-closed if for a
sequence {X,} in S and a point x € X, lim,_,,, d(x,, X) = 0 implies x € S. For a

symmetric space (X, d), d-closedness implies t(d) closedness and if d is a semi-



metric, the converse is also true. A symmetric space (X, d) is said to be complete if
every Cauchy Sequence in X converges to a point in X.

In order to obtain fixed point theorem of a symmetric space, we need some
additional axioms. Wilson [23] gave the following axioms:

(W.3) Given {x,}, xand y in X, lim _,.d(x,, X) = 0and lim,__d(x,, y) = 0 imply
X=Y.

(W.4) Given {x.}, {y.} and a x in X, lim,_,.d(X,, X) = 0 and lim ,_,..d(X,, y,) = 0
imply lim_,..d(y,, X) = 0.

Aliouche [2] gave the following axioms:
(HE) Given {x,}, {v.}, x in X, lim _,.d(X,, X) = 0 and lim ,_,..d(y,, X) = 0 imply
Iimn—>ood(xnl yn) = O

Pathak et al. [15] gave the following axioms:

(CE.1) Given {X,}, xand y in X, lim _,.d(X,, X) = 0 implies
lim,_.d(X, y) =d (X, y).
(CE.2) Given {X,}.{yn} and {z,} in X, lim_,..d(X,, V) = 0 imply

limsup ,_,.d(z,, y») = limsup ,_,..d(z,, X,).

Note that if d is metric, than (W.3), (W.4), (HE.), (CE.1), (CE.2) are automatically
satisfied and if 1(d) is Hausdorff then (W.3) is satisfied. However Cho et al. [6]
gave proposition to show that (W.4) = (W.3) and (CE.1) = (W.3) but reverse
implication is not true. Also (CE.1.) is same as (CC) given by Cho et al. [6] .



Amri and Moutawakil [1] proved some common fixed point theorem under strict
contractive conditions on a metric space for maps satisfying the property (E-A)
which generalizes the concept of noncompatible maps in metric spaces. Recall that
the pair (S, T) satisfies the property (E-A) if there exists a sequence {x,} in X such
that lim ,_,.Sx, = lim ., Tx, = t for some t eX. Clearly both compatible and
noncompatible pair enjoy (E-A) property. These definitions can be adapted to the
setting of symmetric (semi-metric) spaces.

Let R, denote the set of nonnegative real numbers.

2. Implicit Relations.

In this paper we utilize implicit relations due to their versatility of deducing several
contraction conditions at the same time. Let Fg be the set of all continuous
functions F(t, t,..., t;) : R%,—R, satisfying the following conditions:

F(u, 0, u, 0, u, 0)

Fa l; o(t)dt < 0 implies u = 0;

F(u, 0, 0, u, 0, U)

(Fv) I, ¢o(t)dt <0 mplies u= 0.

The function F(ty, t, ... ,te) : R®, — R, satisfies the conditions (Fy) if

F(u, u, 0,0, u, u)

(Fy) s ¢(t)dt > 0 for allu> 0 and ¢ : R, — R is Lebesgue -integrable map

which is summable.

Example 2.1 Let F(t, t5,... ,ts) : = t;—c min {t,, t3, {4, t, t5, ts}, where
0<c<1land @)= t*, forallt in R,. Then



F(u, 0,u, 0, u, 0) u
(Fa) Jo fdt<0:ie,f, tdt<0,

which implies u = 0.

Similarly,

F(u, 0,0, u,0,U) u
(Fo) o tdt<0:ie.,f, tdt<0,
which implies u = 0.
Further,

F(u, u, 0, 0, u, u) u

3

(F) Jo tzdt:Iotzdt=%>o, for all u> 0.
SoF e F6-

The main object of this paper is to extend and improve common fixed point
theorem of Pathak et. al [15] satisfying certain integral type implicit relations,
which are viable, productive and powerful tool in finding the existence of common
fixed points of weakly compatible maps satisfying a contractive condition in
symmetric spaces. (W.4), (CE.1) and (CE.2) are dropped. Our main result also
demonstrates how several fixed point theorems can be unified using implicit

relations.

Theorem 3.1. Let f, g, h, k, pand q be selfmaps of symmetric (semi-metric) space
(X, d) which satisfy properties (W.3) and (HE). If one of p(X), q(X), hk(X) or fg(X) is
a complete subspace of X such that

O pX) cfgX), q(X) < hk(X),

~F(d(px, qy). dukx, foy), dmx, hkx), d(qy. foy). dpx foy), ddakx,
(i) ~|0( ®x qy), dlkx, fzy), d@x, hkx), d(qy. fzy). dex fzy). ddekx. qy) cp(t) )



for all X,y € X, where F € Fs and satisfy properties (Fa), (Fv) and (F1) and ¢ :
R+— RisaLebesgue - integrable map which is summable,

(iii)  (p, hk) or (q, fg) satisfies property (E. A).

Then:

(D pand hk have a coincidence.

(II)  qand fghave a coincidence.

(II) p and hk have a common fixed point provided that they are weakly
compatible.

(IV) q and fg have a common fixed point provided that they are weakly
compatible.

(V) p, q, hk and fg have a common fixed point provided that (III) and (IV) both
are true.

(V) f g, h,k,pandqhave a unique common fixed point provided that k commutes
with p and h and g commutes with fand q.

Proof. Let (q, fg) satisfies property (E.A). So that exists a sequence {xn} in X such that

limy, e d(qx, £) = lim, ., d(fgx,,t) = 0 for some t € X. By property (HE), we have

lim,, e d (g%, fgx,) = 0. Since q(X) < hk(X), then there exists a sequence {yn} in X

such that qxn = hkyns forall n € N.

Let lim, ., d(py,.qx%x,) =€ > 0.

Using (ii) with x = ynand y = xn, we have

|~F(d(pym axy), d(akyyn, faxy), d@yn bkyn), d(@xn faxn). d@yn faxg). d(kyn ayn))

Jo ¢@(t)dt <0,

i e,fOF(d(pyn- W) d(qxp fgxn) d@yn ) d(@xn fixn), dOyn faxn). d(@n %) © (t)dt 0.
Taking limit on as n — oo,

~FE, 0, & 0,8 0)

Jo @ () dt <0,

which implies using the condition (F3), & = 0;

ie., limy,_ 5, d(pyn, 9%,) = 0, ie, lim, ., d(pyy, fgx,) =0,

i.e., limn%oo Pyn = limn*)oo gqXn = limn%oo ngn =t.



Suppose hk(X) is complete then t = hku for some u € X. Consequently, we have
limn_)oo pYn - llmn_)oo an == hmn_)oo ngn == hmn_)oo thn == hku
If pu # t, we have using (ii)

’~F(d(pu, ax), dku, fgx,), du bhkw), d(gx, faxg), d@w foxy), ddkw agxp)

Jo o (t)dt<0.
Taking limit as n — oo,

|~ F(d(pu, bkw), 0, d(pw bhkwu), 0, d(pu hku)., 0)
©0

@(t)dt <0,

which implies d(pu, hku) = 0, by using the condition (Fa).Thus pu = hku =t,i.e. p
and hk have a coincidence.This proves (I).

Similarly by using p(X) c fg(X), we get pu = fgv =t for some v €X.

If qv # t, using (ii) again, we have

’~ F(d(pu, gqv), d(akw, fazv), d(pw, bhkw), d(gqv. fgv), d@pw fzv), ddku gqv))

i @(t)dt <0,

~F(d( qv), 0, 0, d(qv, 1), 0, d(t qv))

Le., |,

@(t)dt < O,which implies d(t, qv) = 0 by using
the condition (Fbv),i.e, qv = fgv = t, i.e, q and fg have a coincidence. This prove (II).
Since the pair (p, hk) is weakly compatible, it follows that p(hk)u = (hk)pu,

i.e.,, pu = hku.

Ift # pu, using (ii) we have

|~F(d(pt, qv), d(akt, fav), d(pt, hkt), d(qv, fgv)., d(pt, fgv), dkt, gv))

i e(t)dt < 0;

~F(d(pt, t), d(pt, t), 0, 0, d(pt, t), d(pt, 1))

ie., »'o

e(t)dt <0,
which contradict (Fi1).Hence d(pt, t) = 0, i.e,, t = pt = hkt, i.e. p and hk have a

common fixed point.This proves (III).

Similarly, the weak compatibility of q and fg with (ii) yields t = qt = fgt; i.e., q and fg
have a common fixed point. This proves (IV).

Thus t is a common fixed point of p, q, hk, and fg. This proves (V).



When fg(X) is assumed to be complete subspace of X, then the proof is similar. On
the other hand the cases in which p(X) or q(X) is a complete subspace of X are,
respectively, similar to the cases in which fg(X) or hk(X) is complete.

Next we shall show that kt = t. Taking x = ku and y = v in (ii)

|~ F(d(pku, qv), d(bokkn, fazv), d@eku hkku), d(qv. fgv), d@pku fzv), ddkkn qv))

Iy e(t)dt < 0.

Since k commutes with p and h and g commutes with f and q,
|~ F(dkkpw, qv), dkhku fav), dkpu khkw), d(gqv, fgv), dkpu fav), ddkhku, gv))

Jo o(t)dt <0,
ie.. ~|~0F(c1(kt,. ), dkt, t), dkt, kt), dkt, 1), dlkt, t))(p ©dt <0,

F(dkt, 1), dkt 1), 0, 0, dke, 1), dcke,
ie., J, (@0, B, dle 0 0.0, dfee 0. dle t))cp(t)dt < 0, which contradicts (F1).

Hence d(kt, t) = 0, i.e., kt = t. Similarly we can prove that gt = t.

So, hkt = t and fgt = timpliesht =tand ft = t.

Hence ft =gt = ht =kt = pt =qt =t,i.e.,, qis a common fixed point of f, g, h, k, p and
o}

For the uniqueness of common fixed point t, let w # t be another common fixed point
off,g, h,k, pand q.

Then using (ii), we have
~F(d®t, qw), dlakt, faw), d(t, hkt), d(qw, fzw), d@t faw), dchke, qw))

Jo e(®)dt <0,
ie. fUF(d(t, W), dt, w). d 1), diw, w), d(t. w), d(t w)) e(t)dt < 0,

: ~F(At, w), d(t, w), 0, 0, d(t. w), d(t. w))

Le, |, p(Hdt < 0.

which contradict (F1). Therefore,d (t, w) = 0,i.e.t =w

Hence t is the unique common fixed point of f, g, h, k, pand q.

Corollary 3.1. Let A, B, S and T be selfmaps of symmetric (semi-metric) space (X, d)
which satisfy properties (W. 3) and (HE). If one of AX, BX, SX or TX is a complete
subspace of X such that

(i) AXcTX BXcSX,



(ii) fOF (d(Ax, By), d(5x, Ty), d(Ax, 5x%), d(By. Ty), d(Ax, Ty), d(5x, TY))CP (©) dt < 0,for

all X,y € X, where Fe F¢ and satisfy properties (Fa), (Fv) and (F1) and
¢ : R+ > Ris aLebesgue - integrable map which is summable,
(iii) (A,S) or (B, T) satisfies property (E.A).
Then:
(D Aand S have a coincidence
(I)  BandT have a coincidence.
(II1) A and S have a common fixed point provided that they are weakly
compatible.
(IV) BandT have a common fixed point provided they are weakly compatible.
(V) A, B,Sand T have unique common fixed point provided that (III) and (IV)
both are true.
Proof. Proof is similar to theorem 3.1 by substituting g = k = I, the identity map, p =
A,qg =B, f=Tand h=S.

Remark 3.1. Corollary 3.1 is the improved form of main result of Pathak et al. [15]

Corollary 3.2. Let A, B, S and T be selfmaps of symmetric (semi-metric) space (X, d)
which satisfy properties (W. 3) and (H.E). If one of AX, BX, SX or TX is a complete
subspace of X such that

(i) AXcTX BXcSX,

(i) F(d(Ax, By), d(Sx, Ty), d(Ax, Sx), d(By, Ty), d(Ax, Ty), d(Sx ,By) < 0,

for all x,y € X, where F € Fs and satisfy properties (Fa), (Fp)and (F1),

(iii)) (A,S) or (B, T) satisfies property (E.A).

Then:
(D Aand S have a coincidence.

(I1) BandT have a coincidence.



(ITIT) A and S have a common fixed point provided that they are weakly

compatible.

(IV) B and T have a common fixed point provided they are weakly

V)

compatible.
A, B, S and T have unique common fixed point provided that (III) and
(IV) both are true.

Proof. Substitute @(t) = 1, g =k =1, theidentity map ,p=A,q=B,h=Sand f=T

in theorem 3.1.

Remark 3

2. Corollary 3.2 is the improved form of results of Popa [17] and Imdad et

al. [8] and corollary 3.1 of Pathak et al. [15].

Corollary

3.3.Let A, B, Sand T be selfmaps of a metric space (X, d). If one of AX, BX,

SX or TX is a complete substance of X such that

e
(i)

(iii)
Then:

L.

I1.

[11.

IV.

SX c BX and TX c AX,

F(d(Sx, Ty), d(Ax, By), d(Sx, Ax), d(Ty, By), d(Sx, By), d(Ax, Ty) ) < 0,
for all x,y € X, where F € Fg and satisfy property (F.), (Fv) and (F1).
(S, A) or (T, B) satisfies property (E.A).

A and S have a coincidence.

Band T have a coincidence.

A and S have a common fixed point provided that pair (S, A) is weakly
compatible.

B and T have a common fixed point provided pair (T, B) is weakly
compatible.

A, B, S and T have unique common fixed point provided that (III) and (IV)

both are true.



Proof. Substitute f = h =, the identity map,p=S,q=T,k=A,g=Band ¢ (t) =1

in theorem 3.1 and use the fact that every metric space is a symmetric space.

Remark 3.3. Corollary 3.3 is a improved form of the main result of Aliouche and

Djoudi [3].

Corollary 3.4. Let Sand T be selfmaps of a metric space (X, d).
[t one of SX or TX is a complete subspace of X such that

(i) TXcSX

d(Tx. 5%) +d(Ty. 5y) d(Ty.5%)+ d(Tx.5y) }
2 ' 2

(i)  d(Tx, Ty) <max{d(Sx, Sy),
forallxzy € X,
(iii)  Pair (T, S) satisfies the property (E.A).
Then:
(D TandS have a coincidence.
(I) T and S have a unique common fixed point provided that they are weekly
compatible.
Proof. Substitute ¢ (t) =1, g = k = |, the identify map, p=q =T, h=f= S in
theorem 3.1 and define F : R+ — R by

X3 +%x4 X5 +%x6
F(x1 x2, X3, X4, X5, X6) = X1 — h max {x, P . L, where 0 <h<1.

Remark 3.4. Corollary 3.4 is the main result of Aamri and Moutawakil [1].

Corollary 3.5. Let A, B, S and T be selfmaps of symmetric (semi -metric) space (X, d)
which satisfy properties (W.3) and (HE). If one of SX or TX is a d-closed subset of X
such that

(i) AXcTX BXcSX,

(i) d(Ax, By) < max{d(Sx, Ty), min{d(Ax, Sx), d(By, Ty)}, min{d(Ax, Ty),



d(By, Sx)}}.
(iii) (A,S) or (B, T) satisfies property (E.A).

Then:
(D A and S have a coincidence.
(I) BandT have a coincidence.
(II1) A and S have a common fixed point provided that they are weakly
compatible.
(IV) B and T have a common fixed point provided they are weakly
compatible.
(V) A, B, S and T have unique common fixed point provided that (III) and
both are true.
Proof. Substitute ¢ (t) = 1, g= k =1, the identify map,p=A,q=B,h=S,f =T and
define F : R+¢ 5>R by F (X1, Xz, X3, X4, X5, X6) = X1 — h max {Xz, min(xs, x4), min(xs, Xs)},

where 0 < h< 1,intheorem 3.1.
Remark 3.5. Corollary 3.5 in the theorem 3.2 Cho et al. [6].

Corollary 3.6. Let f, g, h, k, p and q be selfmaps of symmetric (semi-metric) space

(X, d) which satisfy properties (W.3) and (HE.). If one of p(X), q(X), hk(X) or fg(X) is
a complete subspace of X such that

O pX) cfg(X), q(X) < hk(X),

(i)  d(px qy) < hmax{(hk, fgy), d(p, hkx), d(qy, fgy), "0 SEE Ty g

allx,y e Xand 0 <h<l,
(iii)  (p, hk) or (q, fg) satisfies property (E. A).
Then:
(D pand hk have a coincidence.

(I) qand fghave a coincidence.



(111)

(1)

V)

(VD)

Proof.

X
max {x2, X3, X4, oY

p and hk have a common fixed point provided that they are weakly
compatible.

q and fg have a common fixed point provided that they are weakly
compatible.

p, g, hk, fg have a common fixed point provided that (III) and (IV) both are
true.

f, g, h,k, p and q have a unique common fixed point provided that k commutes
with p and h and g commutes with fand q.

Substitute @ (t) = 1 and define F: R+¢ — R by F(x1, x2, X3, X4, X5, X6) = X1 - h
g X

—} in theorem 3.1.

Corollary 3.7. Letf, g h,k, p and q be selfmaps of symmetric (semi-metric) space

X, d)

which satisfy properties (W.3) and (HE.). If one of p(X), q(X), hk(X) or fg(X)

is a complete subspace of X such that

e
(i)

(iii)
Then:
)
(1)
(I11)

(Iv)

V)

HDpX) < fg(X), a(X) < hk(X),
d(px, qy) < h max{(hkx, fgy), d(px, hkx), d(qy, fgy),

allx,y e Xand 0 <h <],

d(x fzy) + d(hkx. qy)
2

}, for

(p, hk) or (q, fg) satisfies property (E.A).

p and hk have a coincidence.

g and fg have a coincidence.

p and hk have a common fixed point provided that they are weakly
compatible.

g and fg have a common fixed point provided that they are weakly
compatible.

p, q, hk and fg have a common fixed point provided that (III) and (IV) both

are true.



(VI) f g h,k, pand qhavea unique common fixed point provided that k commutes
with p and h and g commutes with fand q.

Proof. Substitute @(t) = 1 and define F :R+¢ — R by

}.

X5+X6

F(x1, X2, X3, X4, X5, X6) = X1 — h max {xz, X3, Xa,

.Corollary 3.8. Let A, B, S and T be self maps of symmetric (semi-metric) space (X, d)
which satisfied properties (W.3) and (HE). If one of AX, BX, SX or TX is a complete
subspace of X such that
(i) AXcTX BXcSX,
(ii)) d(Ax, By)<hmax{d(Sx, Ty), d(Ax, Sx), d(By, Ty), d(Ax, Ty), d(Sx, By)} < 0, for
all x,y € X, whereo<h<1,
(iii) (A,S) or (B, T) satisfies property (E.A).
Then:
(D Aand S have a coincidence.
(I BandT have a coincidence.
(IIT) A and S have a common fixed point provided that they are weakly
compatible.
(IV) B and T have a common fixed point provided they are weakly
compatible.
(V) A, B, S and T have unique common fixed point provided that (III) and
(IV) both are true.
Proof : Substitute @(t) = 1, g = k =1, the identity map, p=A,q= B, h=S5,f=T and
define F : R+6 — R by F (X1, X2, X3, X4, X5, X6) : = X1 - h max {x2, X3, X4, Xs, X6} in

theorem 3.1.

Corollary 3.9. Let A and B be selfmaps of symmetric (semi-metric) space (X, d)
which satisfy properties (W.3) and (HE). If one of AX or BX is complete subspace of
X such that



~F(d(Ax, , dx v), d(Ax, %), d(By, v), d(Ax, V), d(x
@) -y B dte ) die ., dBy 3 Al . 40 B o4 < 0, for all x, y € X,

where F satisfy properties (Fa), (Fb) and (F1), ¢ : R+ - R is a Lebesgue
integrable map which is summable.

(ii)) (A, 1) or (B,I) satisfy property (E.A).

Then:

(D Aand B have a coincidence

(I1) A and B have a unique common fixed point provided that they are weakly
compatible.

Proof. Substitute ¢ (t) = 1,f = g= h = k = |, the identity map, p= A and q = Bin

theorem 3.1.

Corollary 3.10. Let A and B be selfmaps of symmetric (semi-metric) space (X, d)
which satisfy properties (W.3) and (HE). If one of AX or BX is complete subspace of
X such that
(i) F(d(Ax, By),d(x, y), d(Ax, x), d(By, y), d(Ax, y), d(x, By))< 0, for all x,y € X,
where F e Fe satisfy properties (Fa), (Fb) and (F1), @ : R+ - Ris a Lebesgue
integrable map which is summable.
(i) (A, 1) or (B,]) satisfy property (E.A)
Then:
(D A and B have a coincidence
(I1) A and B have a unique common fixed point provided that they are
weakly compatible.

Proof. Substitute ¢ (t) = 1in corollary 3.9.
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