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Thermostatistics (0 O 0O O)
H.B. Callen’s book (John Wiley & Sons 1985)

From Chap. 21

Unlike mechanics, thermostatistics is not a
detailed theory of dynamic response to
specified forces. And unlike electromagnetic
theory, thermostatistics is not a theory of the
forces themselves.

Thermostatistics characterizes the equilibrium
state of microscopic systems without reference
either to the specific forces or to the laws of
mechanical response.




Thermostatistics (0 O 0O O)
H.B. Callen’s book (John Wiley & Sons 1985)
From Chap. 21

Thermostatistics characterizes the equilibrium
state of microscopic systems without reference
either to the specific forces or to the laws of
mechanical response.

Instead thermostatistics characterizes the
equilibrium state as the state that maximizes
the disorder, a quantity associated with a
conceptual framework ("information theory")
outside of conventional physical theory.
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Thermostatistics (0 O 0O O)
H.B. Callen’s book (John Wiley & Sons 1985)
From Chap. 21

Thermostatistics characterizes the equilibrium
state of microscopic systems without reference
either to the specific forces or to the laws of
mechanical response.

Instead thermostatistics characterizes the
equilibrium state as the state that maximizes
the disorder, a quantity associated with a
conceptual framework ("information theory")
outside of conventional physical theory.

the disorder < Shannon entropy
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Generalized thermostatistics

J. Naudts:

Generalised Generalized Thermostatistics, Springer (2011).
Thermostatistics

A generalization of Callen’s thermostatistics
based on a generalized entropy:

S¢ = — Z Pi In¢ Pi ¢—> SBGS,
i

(s)—s

. X ds
with Ingx= [ —, — Inx.
1 9(8) s0—s
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q

5/55



Generalized thermostatistics

J. Naudts:

Generalised Generalized Thermostatistics, Springer (2011).
Thermostatistics

A generalization of Callen’s thermostatistics
based on a generalized entropy:

Sp = — Z pi Ing p; ¢—> SBGS,
i

(s)—s

. X ds
with Ingx= [ —, — Inx.
1 9(8) s0—s

Examples:
= Tsallis: ¢(s) = s9, Ing(x) = XT_q;ﬂ qg>0
= Kaniadakis:
P(s) =2s/(s"+s7%), Ing(x)=%FE" —-1<r<T1
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s-000000

Gibbs-Shannon 0 OO 0OO00O01000000k)0O0O
8, = —/dxp(x)lnnp(x)—(>) S5 = —/dxp(x)lnp(x),
K—r

X —xF
_ — In(x).

£k-00000 Ing(x) = 5 ,
K r—0

by G. Kaniadakis and A.M. Scarfone, Politecnico di Torino, Italy.
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s-000000
Gibbs-Shannon0 000000 1000000k)00O

&, = —/dxp(x)ln,{p(x)jg S5 = —/dxp(x)lnp(x),

X —xF
£k-00000 Ing(x) = —on — In(x).
K r—0

by G. Kaniadakis and A.M. Scarfone, Politecnico di Torino, Italy.

1/k
k-00000 exp,(x) = (nx+ 14+ kK2 x2> , —  exp(x)

~k—0

G. Kaniadakis, Physica A 296, 405 (2001).

G. Kaniadakis, Phys. Rev. E 66, 056125 (2002).

G. Kaniadakis, A.M. Scarfone, Physica A 305, 69 (2002).
G. Kaniadakis, Phys. Rev. E 72 036108 (2005).
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n.(x) and u,(x)
x-0000000

X+ xF
=X

k—0

Similar to the k-entropy, we introduce the new function Z,; as the
average of the u,.(x):

1+r _ K
Sxlpl = —(nslp)) = - Z%

1+n 1—k
+
Z.[p] = (ualp]) = Z"" P —  Yp=1.

k—0
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In.(x) and u,(x)

~

B n,(R")eR By (RT) et

B |n.(1)=0 " ouc(1) =1

B Ing(1/x) = —Ing(x) B u.(1/x) = us(x)
] oy

In.(1/a) = 1/A
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—_—
In,.(x) and u,(x)
A relevant representation of In,(x) and u,(x) is given by

In(x) = % sinh (s In(x)), Ux(x) = cosh (x In(x))
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—_—
In,.(x) and u,(x)
A relevant representation of In,(x) and u,(x) is given by
In(x) = 1; sinh (s In(x)), Ux(x) = cosh (x In(x))
Thus we have the following relations:

UE(x) — k2 In(x) =1,

Ue(X?) = U3(X) + K2 In2(x) , In.(x?) = 2 In.(x) ux(x) ,
iIn (x):lu(x) iu (x):H—ZIn (x)
ax " x dx " x "
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Outline

k-0000
Finite x-difference and x-averaging operators
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Finite «-difference and x-averaging operators

Difference operator:

f(x+¢€)—f(x —¢) d

—
2 € ’ e—0

D. f(x) =

Averaging operator:

f(x+e€)+f(x—e) )

2 ’ e—0

M, f(x) =

that fulfill Leibniz rule:

D [f(x) 9(x)] = Dc f(x) Mc g(x) + M. f(x) Dc 9(x) ,
M. [f(x) g(x)] = M. f(x) M. g(x) + ¢ D. f(x) D. g(x) -
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Finite «-difference and x-averaging operators

By introducing the generators

g(s)=x%, and  GYMI(s)=> p.x,
M

we get
In.(x) = D, gx(s)‘szo . S.p] = —D. Gl (s)

Un(X) = M, gx(s)‘

s=0

Tolpl = M. GPe(s)|

s=0 ’ s=0
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B —
Composability

From the addition rules for sinh(x) and cosh(x) we can obtain

Ing (X y) = INe(X) Ue(Y) + Us(x) Ing(y) ,
Ue(X Y) = Ux(X) Us(y) + K2 In.(x) Ins(y) ,

v

so that, for independent statistical systems, with p% = p7} - p?

S:[0"?] = S.[p* Z.[0®] + Zu[p"] Sclp®] |
T [0*?] = Zu[p"] Z.[0°] + 12 S [0?] Sxlp®] -
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£-0000

r-generalized Nonlinear Fokker-Planck equations
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-
r-MaxEnt

%(sﬂlpl ~BUlpl -~ [ plx)ax) 0.
with  U[p] = /_OO dx X;p(x),

15/55



-
r-MaxEnt

0
55 (Swlpl = 8ULpL 7 [ plx)ai) =0
0 2
with  U[p] = /_Oo dx %p(x),
leads to x-Gaussian:

PuME(X) = a exp, [—;\(VJrﬁX:)] :

where a and \ are x-dependent constants,

1
— 2K
a:(1 ’“‘) , A=V1— k2

1+ kK
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r-generalized Fokker-Planck equation

T. Wada, A.M. Scarfone, AIP Conf. Proc. 965 (2007) 177.

k-generalized NLFPE:

N P [ px, O + plx, 1)
ipl6 )= 3 (e ) + 00 : )

where D is a constant diffusion coefficient.
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r-generalized Fokker-Planck equation

T. Wada, A.M. Scarfone, AIP Conf. Proc. 965 (2007) 177.

k-generalized NLFPE:

o B P (plx, 1) + p(x, 1)~
O px 1) = o (xp(x, ) + D2 ( : )

where D is a constant diffusion coefficient.

0 0 02
— ap(x, t) = Ix (xp(x, t)) + Dﬁp(x, f).

k—0
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Minimum k-generalized free energy

The Lyapunov functional for the x-NLFPE:
L.(t) = Ulp] — D S,[p] is non-increase, i.e., §L,.(t) <0
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Minimum k-generalized free energy

The Lyapunov functional for the x-NLFPE:
L.(t) = Ulp] — D S,[p] is non-increase, i.e., §L,.(t) <0

Consequently £, (t) is minimized for the stationary solution:
min L. (t) = lim L.(t)
t—o0
= Ulpme] — D Sclpmve] = Filpuel
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Stationary solution of k-NLFPE

The stationary solution = the optimal MaxEnt state

Pa(x) = lim p(x; 1)

BN ETORY) s
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Stationary solution of k-NLFPE

The stationary solution = the optimal MaxEnt state
p«(x) = lim p(x, t)
t—o0
1 1 x2
= eXpR |:—X<"}/ + 5 ?>:| = pME(X)

r-Gaussian!
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r-generalized diffusion equation

x-NLFP equation:

) o) d e L=
O pixty =2 (Xp(x t)>+D8 2(P(x ) ;rp(x ) ),

k-generalized diffusion equation:

& (p(x, )" + p(x, 1)1 "
ox? 2 ’

0
&p(xa t) =D
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Porous medium equation

PME(m > 1): a NL transport equation for a fluid in porous medium

2

9 _ 9 m +
EP(X,T)—DWP(X,T), m€R7

vV « —gradP (Darcy’s law)

% p+div(pv) = 0 (continuity of mass)
P x p¥ ( polytropic fluid)
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r-generalized diffusion equation

o 52 pH—K(X t)+p1—n(x t)
— = : : —1 1
8tp(x7 t) Daxz ( 2 Y <k < )
% p +div(pv) = 0 (continuity of mass)
VvV x —gradP (Darcy’s law)
P (p”—p7") (A special type of balotropic fluid)
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Outline

£-0000

k-generalized Linear Fokker-Planck equation
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Non-Gaussians with power-law tails
Frequently observed in a variety of systems. E.g.,
= | évy stable distributions:

£E(x) = zl/dk exp[ikx — Clk|*], (0 <a <2)
i
= Tsallis’ g-generalized distributions:
W, (x) = lexp [—ﬁxz] (1<g<3)
q Zq q ) =
= Kaniadakis’ k-generalized distributions:

Wiix) = 5o, [-6] . (] <2)

A common key feature: an asymptotic power-law tail.
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Anomalous diffusion in an optical lattice

Lutz predicted that the stationary momentum distributions of
trapped atoms in an optical lattice are Tsallis’ g-generalized
Gaussian:

1

Wap)  [1 - B(1 - q)p?] .

E. Lutz, PRA 67, 051402 (2003); PRL 93, 190602 (2004).

Gaeta showed its invariance under the asymptotic Lie symmetries.
G. Gaeta, PRA 72, 033419 (2005).

24 /55



Lutz’s prediction was experimentally verified by Douglas et. al..

P. Douglas, et. al,, PRL 96, 110601 (2006). PHYSICAL REV

@ [ q=1.38£0.12 (b)
08

06

s s
3
= 04 &
02
01f 13960005
0
~ N T T M W 1
0 10 20 30 40 20 30 40
pip; Plpr

FIG. 3 (color online). (a) Experimental results for the atomic
momentum distribution (black data points) and their best fit with
a Tsallis function (black solid line). The value of the g parameter
derived from the fit is indicated in the figure. The adjusted R? is
equal to 0.9985. The parameters of the optical lattice are A =

An egg_carton_“ke poten“al for —24T, @, = (27)20.6 kHz. For comparison, the experimental
. . i data and relative fit for a deep optical potential [w, =
atoms in an Optlcal |attice. (277)27.5 kHz] are also reported (gray points and line, red on-

line). The best fit with a Tsallis distribution produces g =
1.01 £0.01; i.e., it is a Gaussian. (b) The data points are the
experimental results for the distribution P~ (p) [see Eq. (3)]. The
solid line represents the best fit with the power law ¢p@ 9/ @
of the data for P-(p) in the shown interval p > 20p,.

25/55
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This anomurous transport is described by FP equation with a
nonlinear drift coefficient,

K(p) = - .
1+(2)
which represents a capture force with damping coefficient o and
the capture momentum pe.

Characteristic feature of this nonlinear drift

= for |p| < pe, K°!(p) ~ —p, i.e., Ornstein-Uhlenbeck process
= whereas for |p| > pe,  K°(p) ~ —1/p.
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Motivations

Lutz’ analysis can be applied to a wide class of systems described
by FP equation with a drift coefficient decaying asymptotically as
—1/p.

= How can we extend this fact to a x-generalized Gaussian?

= How do the microscopic parameters affect to the
parameter x and 3?
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r-exponential function

r-exponential is a real-parameter () extension of exp(x).

exp,.(x) = exp [1— arsinh(mx)] —  exp(x).
K k—0
Note that

exp.(X) ~  exp(x),

L .
exp,.(x) e |2k Xx |jE I=[ . asymptotic power-law!.
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Proposed nonlinear drift
T.W: Eur. Phys. J. B 73, 287-291 (2010)

We consider a linear FP equation

2
%w(p, t) = —% (K (p) w(p, t)) + Daa—pzw(Pv ),

with the momentum-dependent drift coefficient,
«
K(p) = ———L—.
1+ (5)

Note that K(p) also asymptotically decreases as —1/p for a large
momentum |p| > pe.
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Associated potential

The potential associated 25
with the nonlinear drift 2r

K(p) = —gV(p)is

, Al
V(p) = a_pg arsinh (p—2> ) wl

2 Ps T
N %2 (p < pc) -3 2 1 :]J 1 2 3
Inp (p>> pc)

V(p) as a function of momentum p.
Settinga = p, = 1.
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Stationary state

514, =~ (K () w(p. )+ D _w(p. 1)

The stationary condition 6%Ws(p) = 0leads to

9 K(p) BpP aps 9 p?
_— = = — = & h
ap In ws(p) ) B ~2D ap arsin pg
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Stationary state

9 Kp) P ap 0 (PP
a—plnws(p)_ D= - = = 2Da)arsmh 7Z)
1+(2)

this becomes

2
Inws(p) = ¢ arsinh (—%) + const.
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Stationary state

this becomes

apg . p2
In ws(p) 5D arsinh ( g> + cons

2 2
ape . [P
ws(p) o< exp [ZD arsinh ( oz )]
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Stationary state

ap . P?
ws(p ocexp[ arsinh (——)]

With the help of the x-exponential and

we found that the stationary solution is nothing but a x-generalized
Gaussian.

ws(p) o exp E arsinh (—nﬂp2>] = exp,.(—BP°).
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Remarkably,

i) the parameter « is expressed in terms of the microscopic
parameters
_ 2

K= — 0, standard Gaussian.

apE ok

ii) the parameter 3 is expressed as the ration of the friction
coefficient « to the diffusion coefficient D, in analogy with
the fluctuation-dissipation relation.
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Lyapunov functional
Introducing the Lyapunov functional

Flw] = U[w] — D S®S[w],
SB(w] = — / dow(p.)nw(p.t), U] = / op V(p) w(p,1).

The time evolution of F[p] is non-increasing.

/d (p) w + Dwin w] awé;;,t)
/dp V(o Inw+1)]— [_K(p)+D%w]

o 2
/dpw{ )+D8—plnw} <0.

F(7) is non-increasing!

33/55
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-
Ergodicity breaking

r-Gaussian
in momentum space:

ws(p) o exp, (562 (1)

is a k-generalization of the standard Gaussian.
normalization: / dp exp,. <—ﬂp2) < oo, (|k]<2)

2nd moment: / dop? exp,, (—Bp2> < oo, (K< 3).

= for2/3 < |x| < 2, the second moment is infinite, and the
mean kinetic energy, (p?) /2m, diverges!

34 /55
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B T T T T T
2 F<p“>/2 o 0 —
K e o
D/2
15 o d
. 2/3<k
o .
1r . _
K
oo° d
05 j 0o O
! s
0 Il Il Il Il -
0.1 0.2 0.3 0.4 0.5 0.6 0.7
1/p,

The variations of the second moment (p?) /2 for the x-Gaussian
against the inverse capture momentum 1/p.. The other
microscopic parameters are setto D = a = 1, so x = 2/p2 and

B=1/2.
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goooo
00000 : Methods of Information Geometry, (AMS 2001)

DDDDD:S:{pg(x))pg(x)>0,/pro(X)=1},

Dooooo 6= (6',62...,6M).
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goooo
00000 : Methods of Information Geometry, (AMS 2001)

DDDDD:S:&M@’m&%>&/dHMﬂ=1}

Dooooo 6= (6',62...,6M).

= SO0oooomMOoOoooo
(¢ 0000000 FisherOOODO:
g,/ <6£9 659(X)> ihj=1,2,....M,
where (g(x) = In pg(x)
0O Riemannian 00O OO affineDDDDDDDDDDDD
O00D0()00p(x;0)00000000 §; =0/06'.
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00 affined O

Z9(X.Y)=9(VzX,Y) +9(X,VzY)
V & V* 00000000

F _ (e (m)
8igjk - r,'jyk =+ r,'j,k )
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00 affined O
29X, Y)=9(VzX,Y)+9(X,V3Y)

V &« V* 00O0O0O0ooo

F _ (e (m)
99k = Tjjk + Tij k>

e-000 m-O0O00O0O 10 Christoffel 0 0O O :

I'Ejf,z = /dX OkPo(X)0;0ila(X) = <ak€9 8,8,-6(,} ,

(m) _ o A B
rim = / dix 9,905 (X) 9l (X) <p(X; 5700p(x:0) ak49>,
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goboo

bl

M
Sexp = {Pa(x) \ po(x) = exp [Z 0™ fm(x) — V()

m=1

/dxpg(x):1, BGR}.
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T ———
ooooo

I

M
Sexp = {Pa(x) \ po(x) = exp [Z 0™ fm(x) — V()

m=1

/dxpg(x):1, QER}.

00000 (Sexp, g5, VO, VMO OO OO

{0'}: v(®)-affine 0 O

ni = (fi) = [ xpe(X)fi(x), = {m}: V{™-affine O O
0" = o'W*(n), n =oV(8),

38/55



Fisher O O
g;(8) = 0,0,¥(6)
= (= (1) (- (§)), hi=12.... M
= 00000 SO OO0000000.
000000000 Legendre0 00O

V(6) +V*(n) - 6-n=0,
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e-0 0 (exponential-flat)

r&) — (9:0)00(x) dlo(x)) = 0, Vi.j.k,
9': e-affine 0 O

m-0 0 (mixture-flat)

(m)_ ‘| 7 k 7 g

identically, where 9’ = d/0n;, and in this case, the set of
coordinates 7 is called m-affine coordinates.
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guoooobood

gogooo

pS(x) = ﬁ exp [-BEn(x) + BuN],
with

293, = >, [ o expl-pEw(x) + SN
N=0

O00OO0ONOOUODOD Ey(x)D NOOUOOO xODOUOOOOOO
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0" = —B,02 = B, f1(x) = En(x), f2(x) = N, and
W(0) =InZS(3, 1) = d(B, 1), Massieu potential
Fisher 000D ¢gfS00A-000000000 HesseDDO:

g% = 8,9, In Z8(3, 1) = 0,0;0(B, 1),

n-00:
G 9 -G
U :_aﬁlnz (ﬁ’:u’):<EN>7
c_ 0 G _

n-0o0ooooog:

() = B (Ew) + B (N) — In Zg(B, 1) = —S%5.
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FisherOOOOOOOOOOODOOO gll.;G:gjl.;GD

g};G = 8i8jw(0) = ajaiw(e) = glle
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FisherOOOOOOOOOOODOOO g};G:g};GD

g};G = 8i8jw(0) = 8jaiw(0) = glle

Maxwell O O O

0 0

55 M =73

a0 (En),
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0 0O O O O fluctuation-responsel O O

_( (ER)—(Em?  (EwN)—(En) (N)
(ExN) — (En) (N)  (N2)—(N)® )"

o0oooooor "oooOo"0"oooo(@oo)y"oooooo.
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0 0O O O O fluctuation-responsel O O

- (ER) — (En)? (En N) — (En) (N)
N <(EN/\I/V) - <ENA; (N) N<N2> _ <,QI,>2 .« eQO

o0oooooor "oooOo"0"oooo(@oo)y"oooooo.
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s-0000a0n:

S =— / dx p(x)In. p(x) = (—In, p),

X —xF

k-0000: In, x =
2K

1
- sinh (kInx),

for x > 0 and a real-parameter x € (—1,1).

In.xOOOOOO x-00000

1
K

exp,.(x) = [mx +V1+ /#Xﬂ

lim exp,.(x) = exp(x),
k—0
lim In, x = In x.
xk—0
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x-00 0D00000:

K —K
Ue(x) = % = cosh (rInx),

< In,x=1sinh(sinx)D00ODOOO0OO0O

K

lim u.(x) = 1.
k—0

k-000000 S,0 -Ingp(x)D000O0O0OOOOOO:

7, = / dx p(x)ux (p(x)) = (Ux(P)) ,

< ug(p(x)OOoOO.

46 /55
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k-000000 0000:

M
max (S, — » 0™ [ dxfn(x)p(x)— dxp(X))7
(s-320m ' f

p(x)

where {§™} and ~ are Lagrange multipliers.
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k-000000 0000O:
max (S — ZG’" /dx fn(X)P(X /dxp )
p(x)

where {§™} and ~ are Lagrange multipliers.

To solve this, introducing two x-dependent constants « and A,
which satisfy the condition:

(z( (Xln,@x) = Aln, (2) .

47/55



To solve this, introducing two x-dependent constants « and A,
which satisfy the condition:

CZ( (xln,ix) = Aln, (g) .

1+k

1
a:<1_f§>2n7 A: /—1_1%27

which are related to each other according to

47/55



1
a:(‘l—n)zn, \ —1—/-;2,

1+k

which are related to each other according to

In LA
"\a) X

Ub0b0 0b0 x0000000D00O00D0DOO0

M
Sn-exp - { pg(X) pB(X) =« exp,i [% (Z Hmfm(x) - ’7(0)>] )
m=1

/prg(X):1}.
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Legendre 0 0 O

V,.(0) =60 -n—Vi(n),

-00 p-000ooooo0:

Z,,(8) = (ux(ps))
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rk-escort [J

K"
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€9D k0O 0O

& = Aln, (@) ~1,(0),

which fulfills the relation:

CE

lim, oA=1, lim,_oa=1/e, lim,,0Z,=10000

lim 7% = 25 = In py(x).
xk—0
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ni = aiwn(e) = <fl> )
k-O0000:
g = 010 V. (6).

k-00 OO0 Christoffel D0 0 e-00):

I',(.j'ff) = /dX lote) Zg,“) okp(x;0) = <8,-8j Z((gﬁ) Ok €9> )

gy =t (i = (E) (= (EN N,
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ni = 0jVk(0) = (fi),
k-O0000:
9" = 010y V. (6).

k-00 000 Christoffel 000 e-00):

) = [ a0 5 dup(xi0) = (3,157 o).

g =t (5 — (6D, = ED D,

< xU00000D00D0O0DOODODODO
51/55
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k-generalized 0 O 0 OO
1
pE(xX) = a exp,. |+ (= BEN(X) + BN — (8, 1) | -

= 000000
91 :_ﬁa 92:6“7 f1(X):EN(X)7 fg(X):N,

V,(0) = Zo(B, 1) +v(B, 1) = ©E(B, ),
WE(n) = —S.((En) , (N)).

n-00:
18 =~ L 088, 1) = (En)
66 K ’ n;/»
6___ 9 .a _
o = a(ﬁu)q)n(ﬁaU) <N>,
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